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1. Introduction

The purpose of this paper is to study the leading terms in the asymptotic expansions
of the equivariant Ray-Singer real analytic torsions for compact locally symmetric spaces.

Let (M,g"™™) be a closed oriented Riemannian manifold, let (F,VF7/ hf) be a
Hermitian flat vector bundle on M. Let D%%2 be the de Rham-Hodge Laplacian
associated with the de Rham complex (Q°(M,F),d-F). The real analytic torsion
T (g™ VvHS hF) is a (graded) spectral invariant of D2 introduced by Ray and
Singer [45,46]. When dimg M is odd, it does not depend on the choices of g?™ h%". The
theorems of Cheeger [18] and Miiller [40] say that, for unitarily flat vector bundle F,
this invariant coincides with the Reidemeister torsion, a topological invariant defined via
CW complexes of M. Using the Witten deformation, Bismut and Zhang [9,13] gave an
extension of the Cheeger-Miiller theorem for arbitrary flat vector bundles.

Let ¥ be a compact Lie group which acts on (F, V™) — M equivariantly. Then
¥ acts on (Q°(M, F),dM-F"). In [36], Lott and Rothenberg introduced an equivariant
version of Ray-Singer analytic torsion. If o € X, set

0y (gTM VTS BT (s) = =Ty [NA T3 M (DM F2)=s], (1.0.1)

Then 9, (g"™, VH/ hF)(s) extends to a meromorphic function of s € C, which is holo-
morphic at 0. The o-equivariant Ray-Singer analytic torsion is defined as

199, (g™, V5 1T
2 Os

To(g™M VI pE) = (0). (1.0.2)
If 0 = Idg, we just get the ordinary analytic torsion 7 (¢7™, VFf hf").

When ¥ is a finite group, in [47], for a X-CW complex of M, Rothenberg constructed
an equivariant version of the Reidemeister torsion. In [36], when F is unitarily flat, an
extension of the Cheeger-Miiller theorem was established by comparing the equivariant
Reidemeister torsion and Ray-Singer analytic torsion. Then Bismut and Zhang [10] gen-
eralized these results for arbitrary flat vector bundles with an equivariant action of a
compact Lie group. Also Bunke [17] showed that when F' is unitarily flat, the equivari-
ant analytic torsion can be determined by counting the cells of a >-CW decomposition
of M, up to a locally constant function on X.
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Now, let G be a connected linear real reductive Lie group with compact center, and let
X = G/K be the associated symmetric space. Let I’ be a cocompact torsion-free discrete
subgroup of G. In this paper, we work on the compact locally symmetric space M = T\ X
equipped with a compact Lie group action generated by suitable o € Aut(G). We will
consider a certain sequence of flat vector bundles Fy, d € N on M, and we evaluate the
leading term in the asymptotic expansion of T, (g7, V¥a-f hfa) as d — +oo.

Bergeron and Venkatesh [3] have considered the asymptotic behavior of the Ray-Singer
analytic torsion under a tower of finite coverings of M, and then by Cheeger-Miiller
theorem, they studied the asymptotic growth of the torsions in homology. In [2], under
finite coverings and acyclic base change, Bergeron and Lipnowski studied the asymptotic
equivariant analytic torsions and then considered the growth of torsion cohomology under
twisting action.

Miiller [41] initiated the study of the analytic torsion for symmetric powers of a given
flat vector bundle on hyperbolic manifolds. Also Bismut-Ma-Zhang [11,12] and Miiller-
Pfaff [43,42] studied the case where one considers a sequence of flat vector bundles on M
associated with multiples of a given highest weight of an irreducible G-representation.
Moreover, Marshall-Miiller [38] and Miiller-Pfaff [44] applied the related results to study
the asymptotic growth of torsion cohomology for a family of local systems on certain
compact arithmetic manifolds.

Using methods of harmonic analysis, Ksenia Fedosova [27,26] studied the asymptotic
analytic torsions for compact hyperbolic orbifolds for a sequence of homogeneous flat
vector bundles. Then in [34], the author extended her results to arbitrary compact locally
symmetric orbifolds of noncompact type via applying Bismut’s explicit formula [6] for
orbital integrals.

Here, we introduce an equivariant analog to the settings in [12, Section 8] and [42],
and we study the asymptotics of the equivariant Ray-Singer analytic torsion for M. Let
us give more details on the results of this paper.

Let # € Aut(G) be the Cartan involution, whose fixed point set is the maximal
compact subgroup K of G. Let g, ¢ denote the Lie algebras of GG, K respectively. Then
0 acts on g and fixes £. Let p C g be the eigenspace of 0 associated with the eigenvalue
—1. The Cartan decomposition of g is

g=pot (1.0.3)

Let B be a G- and #-invariant nondegenerate symmetric bilinear form on g, which is
positive on p and negative on £. When g is not semisimple, we do not have a canonical
choice of B such as the Killing form due to the nontrivial center of g, but here we
always fix one choice once and for all. Let U be compact form of G with Lie algebra
u = +/—1p @ £ Then U is a compact linear Lie group. We extend the bilinear form B
to u.
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Let ¢g7X be the Riemannian metric on X induced from B |p- Then the group G acts
on X isometrically. Taking quotient by I', we get a compact locally symmetric manifold
(M =T\X, gT™™). Set m = dimp = dim X = dim M.

Let 0 € Aut(G) be such that it commutes with 6 and preserves B and I'. Then it
induces an isometry on X which descends to an isometry of M. Let ¥? C Aut(G) be
the closure of the subgroup generated by o, which is a compact Abelian subgroup. We
assume that the action of ¢ on u lifts to U. Set

G=GxX?, U =Uxx°, (1.0.4)

where X denotes the semi-direct product.
If o € X, we define the o-twisted conjugation C? so that if h,v € G,

C,(h)y = hyo(h™1). (1.0.5)

Let Z,(v) C G be the o-twisted centralizer of . Since o preserves I', let [I'], denote the
set of o-twisted conjugacy classes in I'. If v € T" is such that yo acting on X has fixed
points, then we call [y], € [I'], an elliptic class. In this case, let X (yo) C X denote the
fixed point set of o, which is a symmetric space associated with Z, (7).

Let (E,pP hf) be an irreducible unitary representation of U7, then it extends
uniquely to a representation of G° via unitary trick. This way, (F = G xx E,hf)
becomes a Hermitian vector bundle on X equipped with an G?-invariant flat connection
VI Tt descends to a flat bundle on M equipped with an equivariant ¥7-action, so that
To (g™ VS R is well-defined.

In Theorem 3.3.2, we get several criteria to make T, (g7, V™ h¥) vanish. In par-
ticular, we show that if ' is not irreducible as U-representation, then

To (g™ VI pE) = 0. (1.0.6)

This theorem extends some classical results on the usual analytic torsions such as [39,
Corollary 2.2], [35, Proposition 9], [8, Theorem 3.26], [6, Section 7.9], [12, Theorem 8.6],
etc.

As a consequence of (1.0.6), we only need to focus on the irreducible U?-representat-
ions which are also irreducible when restricting to U. They correspond exactly the
essential representations considered in [2]. In the context of [12, Section 8] and [42],
this condition means that we are concerned with a o-fixed dominant weight A of U with
respect to a suitable root system.

Let Ny be the flag manifold associated with A, on which U? acts holomorphically. This
U?-action also lifts to the canonical line bundle Ly — N,. The rigorous construction is
given in Subsection 4.2. Then for each d € N, U acts on Eq = H(®0(Ny, Li). This way,
we get a canonical sequence of irreducible unitary representations (Eg4, p¥¢, h?) of U
such that each (Eg4, p¥?) is the irreducible U-representation with highest weight d\. Tt
defines a sequence of flat vector bundles { Fy}4en over M on which 37 acts equivariantly.
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For a nice spectral gap of the Hodge Laplacians, we also need to introduce a non-
degeneracy condition on A (Definition 4.1.2, Subsection 4.3). Equivalently, X is called
nondegenerate if (Ey, p¥) is not isomorphic to (E1, p?* o §) as U-representations. On a
given closed Riemannian manifold, the W-invariant was introduced in [12]. Here, for a
nondegenerate ), it is a universally constructed G-invariant section W* of A" (T*X) (see
Subsection 4.1). It is expressed in terms of the Duistermaat-Heckman integrals [22,23]
associated with Ly — Ny. Let [W]™2% denote the coefficient of the (oriented) volume
element on X of norm 1 in W*. Since W is G-invariant, [WWA]™8 here becomes a
real constant. Put ny = dimg Ny. A result of [12] is that when the fundamental rank
d(G) =1, as d — +00, we have

A== (gTM v Fad pFay = Vol(M)[WA™ + O(d~1). (1.0.7)

Then Vol(M)[W?*]max is a topological invariant for M. Note that if §(G) # 1, we have
T(gTM vFef pFe) =0, and the connected linear simple Lie groups with 6(G) = 1 are
completely classified (cf. [6, Remark 7.9.2]).

As shown by the computations in [43,42], [12, Section 8], [34, Subsections 7.3 & 7.4],
given a concrete symmetric pair (G, K) with 6(G) = 1 and a nondegenerated A as above,
the associated quantity [W*]™#* can be evaluated explicitly in terms of A and a root
system of g. Then we can use these W-invariants to describe other geometric objects for
symmetric spaces.

We now present the main result of this paper, where the sequence {Fy}4en is con-
structed as above. Our notation will be made explicitly in Subsection 4.6. In particular,
Elmax ig 4 finite subset of elliptic classes in [['],, and J (7)™ is a finite set determined
by v. Each Wga is a W-invariant for a symmetric space X (yo) associated with a linear
reductive Lie group of fundamental rank 1. The complex numbers 7, ; are all of modulo
1.

Theorem 1.0.1. If EL™3 £ (), there exists m(c) € N such that as d — +oo,

dfm(o)fl’]—a(gTM’ de,f’ hFd)
= Y VT NZyN\X(o)( Y. Wi me) oY), (108)

[’Y]UEE}r’max jEJ(’Y)maX

where the constants r. ;, go?Y can be explicitly computed in terms of X\, o and root data of
u (Proposition 4.2.0).
If ELmax = () then there exists constant ¢ > 0, as d — +o0,

%(QTM, de,f7 hFd) — O(S*Cd). (109)

Let “M denote the fixed point set of ¢ in M. In Subsection 2.6, we show that M
can be identified with a disjoint union of I' N Z, (7)\ X (yo) associated with each elliptic
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class [y], in [I'],. Therefore, (1.0.8) relates the asymptotic o-equivariant analytic torsion
of M to the W-invariants on “M.

A difference from the result (1.0.7) of [12, Section 8] is that the coefficients of W7,

d .
¥,d

r~; is a No-th root of unity (cf. Corollary 4.6.3).

have oscillating factors r% . as d varies. Moreover, if ¢ is of finite order Ny, then each
Note that in the asymptotic analytic torsions for compact locally symmetric orbifolds
in [26] and [34], the oscillating coefficients also appear in the evaluation of elliptic orbital
integrals. Here in (1.0.8), they come from the o-twisted orbital integrals associated with
elliptic classes [7], € [I',-
Now we explain our approach to Theorem 1.0.1. By (1.0.1) and Mellin transform, we
need to study the asymptotic behavior of

Trg[(NAT(T*M) _ %)O—M exp(—tDM-Fa2 /9)] ¢ > 0, (1.0.10)

where Try[-] denotes the supertrace with respect to the Zs-grading on A®(T*M).

At first, we apply the twisted Selberg’s trace formula to M = I'\ X. For [y], € [['],, let
Tr DOI[(NAT(TTX) ) exp(—tD*F22/2)] denote the associated twisted orbital integral
(Subsection 2.5). Then

Trs[(NA.(T*M) - %)O’M exp(—tDM’Fd’Q/Q)}

= Z VOI(F n ZJ (7)\X(70))Trs [ve] [(NA. (T°X) _ %) exp(—tDX’Fd’2/2)], (1011)

Vo €lllo

In [32, Section 5], using the Bismut’s theory of hypoelliptic Laplacian for symmetric
space, an explicit geometric formula was obtained for the twisted orbital integrals ap-
peared in the right-hand side of (1.0.11).

In the sum of (1.0.11), if [y, is elliptic with 6(Z,(7)?) # 1, then its contribution is
zero. For the case §(Z,()?) = 1, we can compute the leading terms in the asymptotics
of Trl[(NA*(T"X) _ 1) exp(—tD*F2:2 /2)], so that, after Mellin transform, we obtain
exactly an oscillating combination of some W-invariants for the compact locally sym-
metric space T'N Z,(7)\ X (y0). The oscillating factor r¢ ; comes from the action of yo
on L{ — N, on the fixed points. To get exactly the asymptotic expansion in (1.0.8), in
Theorem 4.4.1, we also obtain several important uniform estimate for the twisted orbital
integrals when ¢ > 0 is small and large.

The second step is to handle the contribution of the nonelliptic [v], € [[']s, we use a
spectral gap of D-¥4:2 due to the nondegeneracy of \. By [11, Théoréme 3.2], [12, The-
orem 4.4] which holds for a more general setting (cf. also [42, Proposition 7.5, Corollary
7.6] for a proof by using representation theory), there exist constants C' > 0, ¢ > 0 such
that for d € N,

DM-Fa2 > g% — C. (1.0.12)
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Then for d large enough, Fy is acyclic flat vector bundle on M. Combining (1.0.12) with
the fact that nonelliptic elements yo, v € I' admit a uniform positive lower bound for
their displacement distances on X (Proposition 2.6.3), we prove that the contribution
from nonelliptic classes of [I', to (1.0.10) is exponentially small as d — +oco. As a
consequence, we get (1.0.9).

This paper is organized as follows. In Section 2, we describe our setting for the locally
symmetric space with a twisting action of o, and we recall the explicit formula for the
twisted orbital integrals obtained in [32, Section 5].

In Section 3, we consider the flat Hermitian vector bundle F on M defined from
the unitary representations of U?, and we study the associated T, (¢”™,VFf hf). In
particular, we get a vanishing theorem for it.

Finally, in Section 4, for an irreducible U?-representation with a o-fixed highest weight
A, we construct a canonical sequence of representations { E4}4en of U?. This way, we get
a sequence of flat vector bundles F,; on M. We also recall the nondegeneracy condition
for A as in [12, Section 8]. At last, we prove Theorem 1.0.1.

The results contained in this paper are mainly from the second part of the author’s
thesis [32] and were announced in [33]. Note that (1.0.8) is a refinement of [33, Theorem
4.5].

In the sequel, if V is a real vector space and if E is a complex vector space, we will
denote by V ® E the complex vector space V ®@g E. We use the same convention for
the tensor products of vector bundles. If E = ET @& E~ is a Zs-graded vector space,
if A € End(F) has the diagonal elements AT € End(E'), A~ € End(E™), then the
supertrace is defined as

TrP[A] = TP [AT] - TvP [A7]. (1.0.13)

If H is a Lie group, let H° denote the connected component of identity.
Acknowledgments

This paper presents a part of the results obtained in my Ph.D. thesis in Université
Paris-Sud 11 (Orsay). I am deeply grateful to my thesis supervisor, Prof. J.-M. Bismut for
encouraging me to work on this subject, and for many useful discussions. The refinement
of the results in last section was made during my stay in Max Planck Institute for
Mathematics in Bonn. I also want to express my sincere gratitude to MPIM for providing
so nice research environment.

I also would like to thank an anonymous referee for her/his kind advice and comments
to improve this paper.

2. Twisted orbital integrals and locally symmetric spaces

In this section, we consider the action of a certain compact subgroup %¢ C Aut(G) on
the symmetric space X = G/K, and we recall an explicit geometric formula for twisted
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orbital integrals obtained in the author’s thesis [32,33]. Then, given a cocompact torsion-
free discrete subgroup I' C G preserved by X7, we recall the twisted trace formula for
M =T\X.

As in the introduction, we always consider (G, 6, B) to be a connected linear real
reductive Lie group with compact center. Set

m =dimp,n = dim¢. (2.0.1)
We also use the notation Ad(-), ad(-) for the adjoint actions of G, g respectively.
2.1. Real reductive Lie group and symmetric space

The bilinear form B induces a symmetric bilinear form B* on g*, which extends to
a bilinear form on A'(g*). The K-invariant bilinear form (-,-) = —B(-,0-) is a scalar
product on g, which extends to a scalar product on A'(g*). We will use | - | to denote the
norm under this scalar product.

Let Ug be the universal enveloping algebra of g. Let C'9 € Ug be the Casimir element
associated with B, i.e., if {€;};=1.... m+n is a basis of g, and if {e} }i=1 ... ;mtn is the dual
basis of g with respect to B, then

Co=-> ete;. (2.1.1)

We can identify Ug with the algebra of left-invariant differential operators over GG, then
C? is a second-order differential operator, which is Ad(G)-invariant. Similarly, let C*
denote the Casimir operator associated with (¢, Ble).

Let 4 = v/—1 denote one fixed square root of —1. Put

u=+-lpaot (2.1.2)

If a € p, we use notation ia € /—1p C u to denote the corresponding vector.

Then u is a (real) Lie algebra, which is called the compact form of g. Then gc = uc.
Let G¢ be the complexification of G with Lie algebra gc. Then G is the analytic subgroup
of G¢ with Lie algebra g. Let U C G¢ be the analytic subgroup associated with u. By
[29, Proposition 5.3], since G has compact center, then U is a compact Lie group and a
maximal compact subgroup of G¢.

Let Uu, Ugc be the enveloping algebras of u, gc respectively. Then Ugc can be
identified with the left-invariant holomorphic differential operators on G¢. Let C* be
the Casimir operator of U associated with B, by (2.1.1), we have

C'"=C%eUgNUuCUgc. (2.1.3)
Set

X =G/K. (2.1.4)
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Then X is a smooth manifold, and it is diffeomorphism to p by the global Cartan
decomposition of G.

Let w?® € QY(G, g) be the canonical left-invariant 1-form on G. Then by the splitting
(1.0.3), we write

w? = wP +wt. (2.1.5)

Let p : G — X denote the obvious projection. Then p is a K-principal bundle over X.
Then w® is a connection form of this principal bundle. The associated curvature form

1 1
0f = dw' + §[wé,wé] = —E[wp,wp]. (2.1.6)

Moreover, the adjoint action of K on p gives us exactly the tangent bundle
TX =G xgp. (2.1.7)

The bilinear form B restricting to p defines a Riemannian metric g7, and w® induces
the associated Levi-Civita connection V7. Let d(-,-) denote the Riemannian distance
on X.

Let Aut(G) be the Lie group of automorphism of G [28, Theorem 2]. The semidirect
product of G and Aut(Q) is defined as

G x Aut(G) == {(g,9) | g € G, ¢ € Aut(G)}, (2.1.8)

with the group multiplication:

(91, 01) - (92, #2) = (9101(g2), P12). (2.1.9)

In the sequel, we will often write g¢ instead of (g,¢) € G x Aut(G).
Definition 2.1.1. Put
Y :={¢ € Aut(Q) : ¢0 = 0¢, ¢ preserves the bilinear form B}. (2.1.10)

Then ¥ is a compact Lie subgroup of Aut(G). The action of ¥ on G preserves K, and
the induced action of ¥ on g preserves the splitting (1.0.3) and the scalar product of g.
Note that ¥ contains all the inner automorphisms defined by elements in K. Moreover,
G % X is a closed Lie subgroup of G x Aut(G).

Given o € ¥, themap g € G — 0(g) € G descends to a diffeomorphism of X, which we
also denote by o. By (2.1.7), (2.1.10), the derivative of ¢ is given by (g, f) — (c(g),o(f))
with g € G, f € p. This way, G x X acts on X isometrically and transitively, and we have
the following identification,

X = (Gx)/(KxY). (2.1.11)
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2.2. Twisted conjugation

In the sequel, we fix an element o € X. If g, ¢’ € G, the o-twisted conjugation of g on
¢’ is defined as follows,

Co(9)g' =gg'0(97") € G. (2.2.1)

The map C,(g) is not always a Lie group automorphism except ¢ = Idg. But Cy(+)
defines a left action of G on itself.

If ¢ € G, the stabilizer of C,-action at g is called o-twisted centralizer of g in G,
denoted by Z,(g). More precisely, we have

Zs(9) ={h e G|Cs(h)g =g} (22.2)
It is a closed Lie subgroup of G. Let 3,(g) C g denote the Lie algebra of Z,(g). If
o = Idg, then Z,(g) is just the centralizer Z(g) of ¢ in G with Lie algebra 3(g). The
orbit under this C,-action containing g € G is called the o-twisted conjugacy class of g
in G.
Since we already fix the element o, we often use the word twisted instead of o-twisted
in the above terminologies.

2.8. Casimir operator and heat kernel

Let X7 be the closure of the subgroup of ¥ generated by o, then it is a closed Lie
subgroup of 3. Set

G'=GxX7, K7'=Kx°. (2.3.1)
Asin (2.1.11),
X =G°/K°. (2.3.2)
If k € K, then ko = (k,0) € K7, and its adjoint action on f € p is given by
Ad(ko)(f) = Ad(k)o(f) € p. (2.3.3)
Then, analog to (2.1.7), we have
TX =G xxo p. (2.3.4)
If pP: K — U(E, h¥) is a finite dimensional representation, then set

F =G xg- E. (2.3.5)
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The metric h” defines a Hermitian metric A¥ on F. The action of 3¢ lifts to F — X,
where o-action is represented by (g,v) — (a(g), p¥(0)v), g € G, v € E.

If we restrict p¥ to K, we can view (E,h¥) as a unitary representation of K. Then
the above vector bundle F' is equivalently defined as G xx F — X. It is equipped with
a unitary connection V" induced by w®.

Remark 2.3.1. An interesting question is what kind of representation of K can be ex-
tended to a representation of K. For simplicity, we temporarily view o just as an element
in Aut(K). Let Irr(-) denote the set of equivalent classes of irreducible (complex) repre-
sentations of a compact Lie group. In [32, Subsection 2.4], when K is semisimple, there
exists an automorphism 7 of K with finite order which lies in the connected component
of Aut(K) containing o. Moreover, 7 acts on the set P, (K, T) of dominant weights of
K for certain root system. Set K™ = K x (7). Then we proved the following bijections

Trr (BO\Irr(K7) =~ Irr ((7)\Irr(K7) ~ (7)\ P4+ (K, T). (2.3.6)

We refer to the proof of Proposition 3.3.5 for understanding precisely the above bijections,
where K is replaced by U.

Let C*°(G, E) denote the set of smooth map from G into E. If k € K, s € C*(G, E),
we define the dot-action of K by (k.s)(g) = pP(k)s(gk). Let C2(G, E) be the set of K-
dot-invariant maps in C*°(G, E). Let C*°(X, F') denote the smooth sections of F' over
X. Then

C®(X,F) = C2(G, E). (2.3.7)

Moreover, the left action of G on F' — X induces an action of G7 on C*°(X, F). Also
VI is invariant under this action of G°.

The Casimir operator C?® acting on C*(G, E) preserves C2(G, E), so it induces
an operator C%X acting on C*°(X, F). Let A#X be the Bochner Laplacian acting on
C>®(X, F) given by VI, and let C%F € End(E) be the action of the Casimir C* on E
via p¥. The element C*¥ induces an self-adjoint section of End(F) over X. Then

Cg,X — _AH,X + OEaE' (238)

Let C*? € End(p), C*%* € End(£) be the actions of C* on p, € via the adjoint actions.
Given A € End(FE) commuting with K7, we view it as a parallel section of End(F") over
X. Let dz denote the Riemannian volume element of (X, g7%).

Definition 2.3.2. Let ,Cf’F be the Bochner-like Laplacian acting on C*°(X, F) given by

X»F_l g, X i potp i Erovte
Ly —QC +16Tr [C ]+28Tr [CH] + A. (2.3.9)
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If A =0, we denote this operator simply by £X. For t > 0, z,2' € X, let p* (z,2')
denote its heat kernel with respect to dx’.

Since C¥ is invariant under the adjoint action of G?, the operator CE’F commutes
with G?-action on C*°(X, F'). Then p;X (z, 2') lifts to a function p;X (g, ¢’) on G x G valued
in End(FE) such that for ¢ € G, k, k' € K,

P (9"9.9"9") =i (9. 9),
X gk, g'K') = p" (K~ N)pit (9, 9)p" (K), (2.3.10)
pi (a(9),0(g") = p" (0)pi(9,9")p" (7).

Let pi¥(-) be the smooth function on G valued in End(E) such that

pi(9) =i (1,9). (2.3.11)

In the sequel, we will often regard the heat kernel p;* (z,2’) and the function p*(g) as
the same object.

2.4. Semisimple element

Recall that for v € G, yo € G acts on X isometrically. The associated displacement
function d,, is the function on X defined as

dyo(z) = d(z,vo(z)) , v € X. (2.4.1)

Put My = il’lfxex d’yo‘(l‘) S Rzo.
Since X has nonpositive sectional curvature, by [25, Chapter 1, Example 1.6.6], d-
is a continuous nonnegative convex function on X, and d%a is a smooth convex function.

Definition 2.4.1. The element yo € G7 is called semisimple if d,(x) reaches its infimum
Mye in X. An element o is called elliptic if it has fixed points in X, which is always
semisimple by definition. If yo is semisimple, put

X(y0) = {z € X | dyo(z) = myo}. (2.4.2)

A semisimple element yo as above shares many similar properties as a semisimple
matrix in GL,,(R) or a semisimple element in a linear reductive Lie group [25, Section
2.19]. A detailed discussion can be found in the [32, Section 1]. We recall some of the
results in the sequel.

If v € G and if yo is semisimple, then there exists g € G such that

v=ge"kto(g ), a €p, ke K,Ad(k" o(a) = a. (2.4.3)
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An equivalent way to state the first identity in (2.4.3) is
o = Cy(g)(e®k Mo = g(e®kto)g™ ! € G7. (2.4.4)
Moreover, we get

Zs(7) = 9Zs(e*k™H)g ™" C G,

(2.4.5)
X(yo) =g ' X(e"k'0) C X, My = Meap-14 = |a].
Therefore, we may and we will focus on a semisimple element yo such that
y=ek"acp ke K Adk )o(a) = a. (2.4.6)

Let Z(a) C G be the centralizer of a under the adjoint action of G. Let 3(a) be its
Lie algebra. Similar to the Jordan decomposition properties of a semisimple matrix, we
have the following identities [32, Proposition 1.3.5],

Ze(v) = Z(e®) N Zy(k7Y), Z(e*) = Z(a). (2.4.7)
Correspondingly, we have
50(7) = 3(e") N30 (k71), 3(e”) = 5(a). (2.4.8)

The Cartan involution @ preserves Z,(v), Z(e®) and Z,(k™1), so that the correspond-
ing Cartan decompositions of their Lie algebras hold true as in (1.0.3). In particular, by
[30, Proposition 7.25], Z,(y) is reductive.

Set

Ko(v) = Zs(7) N K. (2.4.9)
Moreover, K, (v) is a maximal compact subgroup of Z, (), which meets every connected

components of Z, (7).
Let €,(y) C 35(7) be the Lie algebra of K, (). Then

& (7) =3.(7) NE. (2.4.10)

Put

po(7) =30(7) Np. (2.4.11)

Then the Cartan decomposition of 3(v) with respect to 6 is given by

30 (7) =t (7) ® ps (7). (2.4.12)
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Moreover, the bilinear form B, () is positive on p,(7), and negative on €£,(y). The
splitting in (2.4.12) is orthogonal with respect to B.

The minimizing set X (yo) is a totally geodesic submanifold of X, which is again
a symmetric space. More precisely, by [32, Lemma 1.4.6, Theorem 1.4.7], Z,(v) and
its identity component Z,(v)? act on X(yo) transitively, and we have the following
identifications,

X(yo) ~ Ze(7) /Ko () = Zo(7)°/ Ko (7)°. (2.4.13)

Under the identification X ~ p via the global geodesic coordinate, we have X (yo) ~

po(7)-

2.5. An explicit formula for twisted orbital integrals

In this subsection, we give an explicit geometric formula for twisted orbital integral
T exp(—tLX)] for pX associated with a semisimple yo. We still assume that v € G
is given by (2.4.6).

Let dg be the left-invariant Haar measure on G induced by (g, (-,-)). Since G is uni-
modular, then dg is also right-invariant. Let dk be the Haar measure on K induced by
—Blg, then

dg = dzdk. (2.5.1)

Let dy be the Riemannian volume element of X (vo), and let dz be the bi-invariant
(positive) Haar measure on Z,(v) induced by Bl; (). Let dks () be the Haar measure
on K,(v) such that

dz = dydk, (7). (2.5.2)
Let Vol(K,(7)\K) be the volume of K, (v)\K with respect to dk, dk, (). Then

Vol (K, (1)\K) = % (25.3)

Let dv be the G-right-invariant measure on Z,(v)\G such that

dg = dzdv. (2.5.4)
For ¢ > 0, the twisted orbital integral Tr(" [exp(—t£3 )] is defined as
1

B Vo1<KT,<w>\K>Z .

Trlvel [exp(—tﬁf’F)] TF[p? (0)pf (v Iyo(v)]dv  (2.5.5)
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By [32, Propositions 4.2.1 & 4.4.1], the integral in (2.5.5) is well-defined. As indicated
by the notation, it only depends on the conjugacy class [yo] of yo in G?, and then it
only depends on the o-twisted conjugacy class of « in G. This kind of integrals plays an
important role in base change theory, we refer to [31,19,1,2] for more details.

In [32, Subsection 4.2] [33, Definition 2.1], a geometric formula for Tr[) [exp(ftﬁi’p)]
is established. We explain it as follows. Let Nx(,),x be the orthogonal normal bundle
of X(vo) in X, and let Nx(,0)/x denote its total space. Then Ny (y,)/x ~ X via the
normal geodesics. For x € X (y0), let df be the Euclidean volume element on Nx (yo)/x 2
Then there exists a positive function 7(f) on Nx(ys)/x,» such that dx = r(f)dydf. We
have

tep(-eeX O = [ T e, (o en, (Dol (250)

Nx(yo)/x =

where the right-hand side of (2.5.6) does not depend on the choice of € X (y0).

An explicit formula for T [exp(—t£5")] was obtained in [32, Theorem 5.2.1] [33,
Theorem 3.3] via the theory of hypoelliptic Laplacian developed by Bismut, which gen-
eralizes Bismut’s formula for orbital integrals [6, Theorem 6.1.1]. We now recall this
formula.

To save the notation length, put

30 =3(a), po=kerad(a)Np, € =kerad(a)Nt. (2.5.7)
Let 33, pa, €5 be the orthogonal subspaces to 30, po, £ in g, p, € with respect to B. Then
30 =Ppo @0, 35 =Py DL (2.5.8)

By (2.4.8),

30(7) =30 N30 (k). (2.5.9)

Also p,(7), €5 () are subspaces of po, £o respectively. Let 37.4(7), p2o(7), €50(7) be the
orthogonal spaces to 35(7), po(7), € (7) in 30, Po, €. Then

3;0(7) = Pf{o(ﬂ D Eio(V)- (2.5.10)

Also the action ad(a) gives an isomorphism between pg and €.

For y € £,(7), ad(y) preserves p,(7), € (7), P7.0(7), €2.0(7), and it is an antisymmetric

endomorphism with respect to the scalar product.

Recall that the function A(z) = % Let H be a finite-dimensional Hermitian

vector space. If B € End(H) is self-adjoint, then m is a self-adjoint positive

endomorphism. Put
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A(B) = det '/ _B2 (2.5.11)
sinh(B/2) | o

In (2.5.11), the square root is taken to be the positive square root.
If y € £,(), the following function A(y) has a natural square root that is analytic in

y € t:(7),

1 det(1 — exp(—iad(y))Ad(k~10))|,r
Aly) = — : . o 9 519)
det(1 — Ad(k™'0))[1 (1) det(l —exp(—iad(y))Ad(k 0))|F‘io(7)
Its square root is denoted by
1 det(1 — exp(—iad(y)Ad(k™"0))[er  (4) 12
. = 2.5.1

det(1 — Ad(k~10))[;+ () det(l —exp(—iad(y)Ad(k~10))|ps () (2:5.13)

The value of (2.5.13) at y = 0 is taken to be such that
1 (2.5.14)

det(l — Ad(k’_l)(fﬂpé_o(,ﬂ ’

We recall an important function defined in [32, Definition 5.1.2] [33, Definition 3.2]

Definition 2.5.1. Let J,,(y) be the analytic function of y € £, (v) given by

~

_ 1 A(iad(y)lp, ()
J"/ﬂ(y) - A 1/2 %/
|det(1 — d(va))|zé| Aiad(y)le, (v)) (2.5.15)
I det(1 — exp(—ind @) A Ol ) 172
det(1 — Ad(k:—la))|3io(7) det(1 — exp(—iad(y))Ad(k‘—la))|p§)0(v)
By (2.5.1), there exists Cyy > 0, ¢y, > 0 such that if y € £,(y),
|Jyo ()| < Crpecre ¥l (2.5.16)

Put p = dimp,(7y), ¢ = dim€,(y). Then r = dimj3,(y) = p + ¢. By [32, Theorem
5.2.1] [33, Theorem 3.3], for ¢ > 0, we have

T exp(—tL3 )]
_ 1 E[ E(7.—1 B —yl?/2e Y (2.5.17)
—W / Jyo (y)Tx [P (k™ o) exp(—ip (y)—tA)]e W-

s ()

Remark 2.5.2. In [2], under suitable conditions in base change setting (then o is of finite
order), Bergeron and Lipnowski managed to express certain twisted orbital integrals in
terms of ordinary orbital integrals, where they can make use of Harish-Chandra’s theory
to compute them.
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2.6. Compact locally symmetric space M with twisting action

Let T' be a cocompact torsion-free discrete subgroup of G, which is preserved by o.
Even we do not require o to be of finite order, the group %7 descends to a finite Abelian
subgroup of Aut(I'). Also note that in many interesting cases such as the base change
setting, or for G simple, o will be of finite order.

By [50, Lemmas 1,2], we have the following results.

Lemma 2.6.1. If " is a cocompact discrete subgroup of G, if v € I', then it is semisimple
in G, and T'N Z(v) is a cocompact discrete subgroup of Z(vy). Generally, if v € T, then
vyo € G is also semisimple, and ' N Z,(7) is a cocompact discrete subgroup of Zy (7).

Definition 2.6.2. We denote by [I'], the set of o-twisted conjugacy classes in I'. If y € T,
let [y], be the o-twisted conjugacy class of v in T'. If yo is elliptic, we say that [v], is

an elliptic class.

Let E, be the set of elliptic classes in [['],. By [32, Lemma 1.8.3], E, is a finite set.
Note that m., € R>o only depends on the class [y], of v € I. Set

cro = inf{m | [7]o € [[']s\Es} > 0. (2.6.1)
Proposition 2.6.3. We have
cro > 0. (2.6.2)
Proof. Suppose that we have a sequence of [y;], € [I'],\E,, @ € N such that m,,, — 0
as i — +o0. Let V C G be the compact connected fundamental domain for the quotient
I'\G. Then for each class [y;]s, there exists v, € [vils, x; € p(V) such that

dyio (i) = M0 (2.6.3)

Since V' is compact, we may and we will assume that {z;};cn is a convergent sequence
with limit z € p(V). Then

d(z,yio(x)) < d(z,2;) + d(zi, vio (i) + d(vio (@), vio(x))- (2.6.4)
By the assumption, there exists ig € N such that if ¢ > iy, then
d(z,vjo(x)) < 1/2. (2.6.5)

Since T is discrete, there exists only finite number of «/ such that (2.6.5) holds. This
contradicts the assumption that m,,, — 0 as ¢ — 400, which completes our proof. O
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Since T is torsion-free, a modification of the arguments in the proof of [43, Proposition
3.2] shows the following lemma. Note that it is also a special case of [37, Eq. (3.19)].

Lemma 2.6.4. There exist ¢ > 0, C > 0 such that for R >0, z € X, we have
#{y € T' | yo non-elliptic,d,(xz) < R} < Cexp(cR). (2.6.6)

Put M = I'\X = I'\G/K. The tangent vector bundle TX descends to the tangent
vector bundle T'M of M. Since I'-action is isometric, g7 induces a Riemannian metric
g™ on TM. Then M is a compact locally symmetric Riemannian manifold. Moreover,
the Hermitian bundle (F, V¥ hf') on X defined in Subsection 2.3 descends to a Hermitian
vector bundle on M, which we still denote by the same notation.

Since o preserves I', then 37 acts on M isometrically, and this action lifts to Hermitian
bundle F on M. We will use o™ denote the action of o on F' — M.

If g € G, we denote by [g]x = pg (resp. [g]a) the corresponding point in X (resp. M).
If A C X, we denote by [A]ys C M the image of A C X under the quotient projection
X - M.

Let °M C M be the fixed point set of o in M. The following result is proved in [32,
Lemma 1.8.7].

Lemma 2.6.5. If v1,v2 € I are o-twisted conjugate in I', then

(X (r10)]ar = [X (720)]m C M. (2.6.7)

If g € G, then [9]m € “M if and only if there is v € T' such that vyo is elliptic and
that [g]x € X(vo) C X. If [11]o, [12]e € Eo are distinct classes, then

[(X(mo)lm N[X (y20)]m = 0. (2.6.8)
By Lemma 2.6.5, we get that
M = U['y]gEEU [X(WU)]M (2.6.9)

Moreover, the right-hand side in (2.6.9) is a finite disjoint union.

By Lemma 2.6.1, 'NZ,(7) is a cocompact discrete subgroup of Z, (). Moreover, since
T is torsion-free, so is I' N Z,(7), and I' N Z,(7)\X (yo) is a compact locally symmetric
manifold.

Take [vy], € Eo, let v € T be one representative of [y],. If z € X(yo), if 79 € T
is such that yox € X(vo), then 79 € Z,(v). Thus the projection X — M induces
an identification between I' N Z,(v)\X (vo) and [X(vyo)]sr € M. Then (2.6.9) can be
rewritten as

"M = Up,er, TN Z;(V\X (70). (2.6.10)
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Let C°°(M, F') be the vector space of smooth sections of F on M, and let C>°(X, F)!
be the subspace of C*°(X, F') of I'-invariant sections over X. Then we have a canonical
identification

C>®(M,F)=C>(X,F)". (2.6.11)
By (2.3.7), (2.6.11), we get
C>®(M,F)=C¥(G,E)". (2.6.12)

Recall that the Bochner-like Laplacian Eﬁ’F is defined by (2.3.9). Since it commutes
with G7, then it descends to a Bochner-like Laplacian EAM’F acting on C°°(M, F) and
commuting with 7.

For t > 0, let pM(2,2'), 2,2/ € M be the heat kernel of E%’F with respect to the
Riemannian volume element dz’. If z, 2’ are identified with their lifts in X, then

pl(2,2) = (2 ) =D (292 (2.6.13)
yel’ yel

Theorem 2.6.6 (Twisted trace formula). For t > 0, we have

Tr[oM exp(—tLy ) = > Vol(I'N Z,(7)\X (v0)) TrD exp(—tL ")) (2.6.14)
[’Y]UG[F]U

Here the convergences of the integrals and infinite sums are already guaranteed by the
results in [6, Chapters 2 & 4] and in [51, Section 4D]. The proof to this formula follows
from the same arguments as in the base change theory, one can also find a detailed proof
in [32, Subsection 4.5].

3. Equivariant real analytic torsion for locally symmetric space

In this section, we explain how to make use of (2.5.17) and the twisted trace formula
(2.6.14) to study the equivariant Ray-Singer analytic torsions of M.

We extend o-action to gc as a complex linear automorphism of g¢, which preserves
Lie subalgebra u. We also assume that o-action on u extends to an automorphism of U,
this way, it acts on G¢ bi-holomorphically. Set

U’ =U % %°. (3.0.1)
3.1. The de Rham operator associated with a flat bundle

In the sequel, we take (E, p”, h¥) to be a unitary representation of U?. By Weyl’s
unitary trick, every irreducible unitary representation of U? extends uniquely to an
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irreducible representation of G°. We use the same notation p¥ for the restrictions of this
representation to G, to K and to K?. By (2.1.3),

Cc*F = C%F ¢ End(E). (3.1.1)

As in Subsection 2.3, put F = G x g E. Let V¥ be the Hermitian connection induced
by the connection form wt. Then the map (g,v) € G xx E — pF(g)v € E gives a
canonical identification of vector bundles on X,

GxxgE=XxE. (3.1.2)
Then F is equipped with a canonical flat connection V¥ so that
VB = VF 4 P (wP). (3.1.3)
Since G has compact center, (F, hf", V1) is a unimodular flat vector bundle.

Let (Q2(X, F),d%F) be the (compactly supported) de Rham complex associated with
(F, V). Let d*F** be the adjoint operator of d*¥" with respect to the Lo-metric on
Q2 (X, F). The Dirac operator DX is

DY = g% 4 g, (3.1.4)

The Clifford algebras ¢(T'X), e(TX) of (TX,g"¥) act on A*(T*X). We still use e,

-+« em;m to denote an orthonormal basis of p or T X.

Let VAT(T"X)®F.u he the unitary connection on A*(T*X) ® F induced by V7X and
V¥. Then the standard Dirac operator is given by

DXT =N (e VAT O (3.1.5)
j=1
By [12, Eq. (8.42)], we have
DX = DX 4N " 2(e;)p" (e5). (3.1.6)

In the same time, C'? descends to an elliptic differential operator C%¥ acting on
C>(X,A*(T*X)® F). Let % € A3(g*) be such that if a,b,c € g,

k%(a,b,c) = B([a,b], c). (3.1.7)

Then k9 is a G?-invariant closed 3-form on G. The bilinear form B induces a correspond-
ing bilinear form B* on A*(g*). By [6, Eq. (2.6.11)], we have
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* Lo pre 1o et
B (K}g, Klg) = §TT [C ’p] + gTr [C ’ ] (318)

Let £5 be the operator in Definition 2.3.2 but associated with the representation
A*(p*) ® E. By [12, Proposition 8.4] and (3.1.8), we have

DX,F,2 1 1
5 = EX’F — §CE’E — gB*(K}g, K}g),
, . (3.1.9)
— 09X _ Z_oeE.
2 2

3.2. Equivariant Ray-Singer real analytic torsions on M

Let T" be a cocompact torsion-free discrete subgroup of G preserved by o. Let M =
'\ X be the compact locally symmetric manifold considered in Subsection 2.6. The flat
vector bundle F' defined in last subsection descends to a flat vector bundle on M, which
we still denote by F' on which X7 acts equivariantly.

Note that since X is contractible, then

m (M) =T. (3.2.1)

When restricting the representation p” to I', we associate it with a flat vector bundle
(or a local system) I'\(X x E) on M. By (3.1.2), this is an equivalent way to define
(F, V7).

The de Rham-Dirac operator DX¥" in (3.1.4) descends to the corresponding Dirac
operator DM:F on M, so that

DM F — gM.F | gM.Fx, (3.2.2)

Then DMF commutes with 7. Let Hjz (M, F) be the de Rham cohomology group of
(Q*(M, F),d™F). By Hodge theory,

ker DMF' ~ {3 (M, F). (3.2.3)
Let NA'(T"M) denote the number operator on Q°*(M, F), i.e. multiplication by the
degrees of forms. Let (D*:F32)~1 be the inverse of DM+#°2 acting on the orthogonal space
of ker DM:F" in Q*(M, F).
Definition 3.2.1. For s € C, Re(s) big enough, set

0y (gTM, VS AT (s) = =Ty [NA (T M (DM F2)=s], (3.2.4)

By standard heat equation methods [48], ¥, (g7™, V¥/ h¥)(s) extends to a mero-
morphic function of s € C, which is holomorphic near s = 0.
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Definition 3.2.2. Put

laﬁg(gTM7 VFJa hF) 0

TM F.f pFy _
To(g™ ™, V5 R 5 P

(3.2.5)

The quantity in (3.2.5) is called the equivariant Ray-Singer real analytic torsion.

We now explain a method to compute 7, (g™, VE/ hF) by Mellin transform. For

t>0,asin [7, Eq. (1.8.5)], put

be(F,hT) = %(1 + Qt%)m[(z\f”(T*M) - %)UM exp(—tDMF2/4)].
Put
Xo (M, F) = Z(,l)jTrHﬂa(M,F) o],
§=0
VoM. F) = 37 (1) T iV D) o],
J=0
By [7, Egs. (1.8.7), (1.8.8)], we have
t t—0
bt(F, hF) —_ O(\/_) ast — 9
IXL(M,F) — 2x,(M,F) + O(1/V/t) ast— +oo,

where O(+) is the big-O convention.
Set

1 m
boo(thF) = §X£7(M7F) - ZXG(MVF)

Let I'(s) be the Gamma function. By [7, Eq. (1.8.11)], we have

1 too

t
%(QTM,VF’f,hF):—/b FhF /(bt (F, 1) = bee (F’hF))d?
0

1

—(T7(1) + 2(log 2 — 1))beo (F, h).

3.8. A wvanishing theorem on the equivariant analytic torsions
Let T be a maximal torus of K with Lie algebra t, put

b={fep:[f =0}

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.3.1)
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Put h = b @ t, then § is a Cartan subalgebra of g. Let H be analytic subgroup of G
associated with b, then it is also a Cartan subgroup of G. Moreover, dimt is just the
complex rank of K, and dim b is the complex rank of G.

Definition 3.3.1. Using the above notations, the deficiency of G, or the fundamental rank
of GG is defined as

J(G) = rke¢G — rk¢ K = dimp b. (3.3.2)
The integer m — §(G) is even.
We assume at first that yo is a semisimple element given by (2.4.6), i.e.,
y=ek"t acyp, ke K, Ad(kHo(a) = a. (3.3.3)
Let S be a maximal torus of K, (7)? with Lie algebra s C £, (). Set
b, (7) = {f €po (k") | [f.5] = O}. (3.3.4)
Then
a € b,(7), dimg b, (y) > 6(Z,(7)°). (3.3.5)
In general, for v € T, if v is C,-conjugate to e®k~! as in (3.3.3), put
e(yo) = dim b, (k™). (3.3.6)
Note that
e(ya) = 8(Zs(7)°). (3.3.7)
In particular, if yo is elliptic, then e(yo) = §(Z,(7)); if yo is non-elliptic, then e(yo) >
§(Z4()?) > 1. The integer (yo) depends only on the class [y], € [[],-
We now state a vanishing theorem on T, (g7, V- hf") as follows. For simplicity, we
assume that the representation (E, p h¥) of U7 is irreducible.
Theorem 3.3.2. If one of the following four assumptions is verified:
(i) m is even and o preserves the orientation of p;
(i1) m is odd and o does not preserve the orientation of p;
(iii) (E, p¥) is irreducible as U° -representation, but not irreducible when restricting to

U:
(iv) Fory €T, e(yo)#1, or §(Z,(7)°) #1;
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then we have
To(g™™M VI hE)y =0 (3.3.8)

Before proving the above theorem, we need to do some computations on the twisted
orbital integrals in order to evaluate the right-hand side of (3.2.6).
Let NA'(®)  NA*(T"X) he the number operators on A®(p*), A®(T*X).

Proposition 3.3.3. Assume v is given by (3.3.3). For t > 0, we have

Trs['ya] |:(NA0(T X) 5 )exp( tDX’F’2/2):|

_ exp(—la?/21)

o
erpr - Plg

STICH 4 e [ a0

k() (3.3.9)
TYSN(*’*)@E[(NA'(” ) _ 5 )pA’(p JOF (1 ~15)
A.(P )IQE tcg,E 2 /94 dy
exp(—i (y )+§ )| exp(=[yl*/ )W-

If m is even and o acting on p preserves the orientation, or m is odd and o does not
preserve the orientation of p, or if dim b, (vy) > 2, then (3.3.9) vanishes.

Proof. The identity (3.3.9) follows from (2.5.17), (3.1.9).

Inside the integrand in (3.3.9), the supertrace term splits as the product of the su-
pertrace on A®(p*) and the trace on E. By a direct computation on matrix, we get that
under the conditions listed in our proposition, for y € €, (v),

TrA (p*)[(NA'(p ) _ 5 )pA'(p ) (ko) exp(—iph" " )(y))] = 0. (3.3.10)

This way, we complete the proof to our proposition. O
Corollary 3.3.4. If vy = k~! € K, i.e., yo is elliptic, and if dim b, (v) = 0, then fort > 0,
Tr D[N0 — 2 exp(—tD 72 /2)] = 0. (3.3.11)
Proof. Note that when v = k=! € K, b,(7) ® 5 is a Cartan subalgebra of 3, (7). If
dim b, (y) = 0, then dim p, (7) is even. If o preserves the orientation of p, then dim pL(7y)
is even. If o does not preserve the orientation of p, then dim pX(y) is odd. By Proposi-

tion 3.3.3, we get (3.3.11). O

Recall that Irr(-) denotes the set of equivalent classes of irreducible (complex) repre-
sentations of a compact Lie group.
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Proposition 3.3.5. If (E,pP) € Irr(U°) and if the restriction of (E,p”) to U is not
irreducible, then for k € U, we have

¥ [pF (o) pP (k)] = 0. (3.3.12)
Moreover, in this case, if v € G is such that yo is semisimple, then fort > 0,

T, Dol [(NAT (T %) exp(—tD*12/2)] = 0. (3.3.13)

Proof. We firstly assume that U is semisimple. Let Inn(U) denote the inner automor-
phism group of U. The outer automorphism group of U is

Out(U) = Aut(U)/Inn(U). (3.3.14)
By fixing a maximal torus T of U and a positive root system R, Out(U) can be realized
as a finite subgroup of Aut(U) whose elements preserve Ty and R™ [15, Chapter VIII,
§4.4 and Chapter IX, §4.10]. Moreover,
Aut(U) = Inn(U) x Out(U). (3.3.15)
Take kg € U, 7 € Out(U) such that for k € U,
o(k) = kor(k)kg *. (3.3.16)

Let U™ be the subgroup of U x Out(U) generated by U and 7. We claim that there exists
¢, € C such that if set

P! (1) = erpP (kg V)P (o), P (k) = pP (k) (3.3.17)
then (E, pP) is an irreducible representation of U7. Note that such number ¢, is not
unique, it depends on the order of 7 and the choice of kg.

Indeed, set
A= pE(ky1)pP (o) € End(E). (3.3.18)
Let No > 1 be the order of 7 in Out(U). Set
k= kot (ko) --- 7N (ko) € UL (3.3.19)

Then

o(k) =k e U, o™ = Ad(k) € Inn(U). (3.3.20)
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Also we have
ANo = pF (1) pP (oN0). (3.3.21)

We can verify directly that ANo commutes with U°. Since (E, p¥) is irreducible as U°-
representation, then AN° is a non-zero scalar endomorphism of E, then we take ¢, € C
such that cNo ANo = Idp.

We define p as in (3.3.17). Then for k € U,

PP ()P (R)p™ (771) = pP (7 (K)). (3.3.22)

Therefore, (E, p¥') become an irreducible representation of U7.
For proving (3.3.12), it is enough to prove that for k € U, one has

TeE [pB (1) p® (k)] = 0. (3.3.23)

Let Py, be the dominant weights for the pair (U, Ty) with respect to R*. Then 7
acts on Pyy. If A€ Pyy, let V) € Irr(U) denote the one with the highest weight A.

Now we take a dominant weight A € P, such that V) embeds into (E,p¥) as a
U-subrepresentation. Let {7%()) ?:_01 C P14 be the orbit of A under the action of 7.
Note that d > 1 is the length of the orbit and d|Ny. By the description of all the
irreducible representations of non-connected compact Lie groups in [24, Corollary 4.13.2
and Proposition 4.13.3], we get that the representation (E, p?"') restricting on U is of

the form
B Vi (- (3.3.24)

Moreover, the action p?’(7) on E sends the component Vi) to Viivroay.

If (E, p¥) restricting to U is not irreducible, then d > 2, and (3.3.23) holds, so does
(3.3.12). The identity (3.3.13) follows from (3.3.9) and (3.3.12).

If U is not semisimple, let Z(L), be the identity component of the center of U, and let
Uss be the analytic subgroup of U associated with the semisimple subalgebra ugs = [u, ul.
Then Z[OJ x Ug is a finite cover of U. Note that Z(O] is a torus, the action of ¢ on it
is of finite order. Then if we proceed as in the above for Uy, we can still apply [24,
Corollary 4.13.2 and Proposition 4.13.3] to get (3.3.12). This completes the proof of our
proposition. O

Proof to Theorem 3.3.2. If m and o verify either of the first two cases in our theorem,
then by (2.6.14) and Proposition 3.3.3, for ¢ > 0,

Te [(NA (T772) - %)O—Z exp(—tD%2/4)] = . (3.3.25)

By (3.2.6), (3.3.25), the function b;(F, g*") vanishes identically. In particular,
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beo (F,g™) = 0. (3.3.26)

Then by (3.2.10), we get (3.3.8).

If (B, p¥) € Trr(U?) is not irreducible when restricting to U, then by Proposition 3.3.5,
we get that (3.3.25), (3.3.26) still hold. Then (3.3.8) follows.

If v € T is such that o is nonelliptic, then e(yo) > 1. If the fourth assumption is
verified, then by Theorem 3.3.3, Corollary 3.3.4, the identity (3.3.25) still holds, which
implies (3.3.8). This completes the proof to our theorem. O

4. The asymptotics of the equivariant real analytic torsion

In this section, we compute the asymptotics of the equivariant Ray-Singer analytic
torsions associated with a certain sequence of flat vector bundles on a compact locally
symmetric space M = I'\ X. We extend the results of [42], [12, Section 8] to the equiv-
ariant setting.

This section is organized as follows. In Subsection 4.1, we recall the construction of
the W-invariant on X = G/K under a nondegeneracy condition. This construction will
be applied to X (yo) = Z,(7)?/K,(7)° with v € K.

In Subsection 4.2, for an irreducible U?-representation with a o-fixed highest weight
A, we construct a canonical sequence of representations Eg, d € N of U?. This way, we
get a sequence of flat vector bundles Fy; on X or M.

In Subsection 4.3, we show that the nondegeneracy condition of A\ for G implies the
nondegeneracy condition of A for Z,(v)° with v € K.

In Subsection 4.4, when v € K and dimb,(y) = 1, for t > 0, we compute the
asymptotics as d — +oco of Ty [(NA.(T*X) — 1) exp(—tDXF4:2 /242)].

In Subsection 4.5, we recall some results on the spectral gap of Hodge Laplacian
obtained in [12, Section 4] under the nondegeneracy condition.

Finally, in Subsection 4.6, we give a proof to Theorem 1.0.1.

4.1. The forms e;, dy and the W-invariant

Let Sg be the symmetric algebra of g, which can be identified with the algebra of real
differential operators with constant coefficients on g. By Poincaré-Birkhoff-Witt theorem,
let o : Ug — Sg be the symbol map of Ug, which is an isomorphism of vector spaces.
Let p be another copy of p. Together with the symbol map of Clifford algebras, we get
a symbol map

o:cp)@Ug— A*(p*) ® Sg, (4.1.1)

which is an identification of filtered Z,-graded vector spaces.

Let ey, ---, e, be an orthonormal basis of p, then €y, ---, &, is a basis of p, and let

el, ..., " be the corresponding dual basis of p*. Put
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B=> e cp @y (4.1.2)
i—1
By [12, Eq. (1.8)], 3% € A%(p*) ® t is given by

p? = [5 Bl = Se e, e;). (4.1.3)

Lz

2
Let 8 be the corresponding element of 8 in A*(p*) ® Ug. Then §2 € AM(p*)®@Ug

coincides with 42 in (4.1.3). Let AP be the Laplacian of Euclidean vector space p. Set

182 = Ze = AP € Sg, |B]* = Zﬁ )% e Ug. (4.1.4)

i=1

By [12, Egs. (1.10), (1.14)], we have

B> € 2N S?u, |B]> = —iB* € Sgc,

(4.1.5)
B]* € Ug N U, |B]* = —|if|* € Ugc.

Then
o(18P) = 18P (4.1.6)

Set
ap) =) _cle)p(e) € clp) ® Ug. (4.1.7)

i=1
Then we have

o(c(p)) = B. (4.1.8)

Let g, be a copy of the vector bundle G X i g on X but equipped with the Lie bracket
on the fibre. Similarly, put

Ug. =G xg Ug, Sg, =G xg Sg. (4.1.9)

Let TX (resp. T+X ) be another copies of TX (resp. T*X) on X. Recall that VTX s
the Levi-Civita connectlon of TX. Let V%% be the connections on T* T*X ® g, induced
by the connection form w¥, and let VV8"% be the connections on T+X ® Ug, induced
by wt. We still denote by ng”u the corresponding connection on c(TX) QUg,.

Then wP can be considered as a section of T*X ® g,, and 3, § can be considered as

a section of T*X ® or, T*X ® Ug, respectively. By [12, Eq. (1.41)], we have

Vorig = 0, VUEMT@ =0. (4.1.10)
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Definition 4.1.1. For ¢ > 0, let A; be the superconnection
Ay = VU 4 1E(B). (4.1.11)
By [12, Def. 1.2], A2 is a smooth section of [A*(T*X)Rc(TX)]*"*" @ Ug,, so that
o(A?) is a smooth section of [A®(T*X)®A*(T*X)]*"*" @ Sg,.
If p,v € A*(p*) or A*(p*), a,b € £, we define

(p®a,v@b) = uAvia,b). (4.1.12)

By [12, Theorem 1.3 & Eq. (8.70)], we have
1
(A7) = =5 (w2, B%) — wP? + 1[5 + 157, (4.1.13)

Let N be a compact complex manifold, and let "V be a smooth real closed nondegen-
erate (1,1)-form on N. We assume that U acts holomorphically on N and preserves the
form n™N. Let p : N — u* be the moment map associated with the action of U and n'V.

If y € u, set

R(y) = /exp(2m’<u,y) +n7N). (4.1.14)

Then R is U-invariant function, we can extend it to a holomorphic function uc — C. If
y € uc, let Im(y) denote the component of y in iu.
The algebra Su acts on R(y), by [12, Eq. (1.24)],

exp(—t|812) R(y) = / exp(—4mt] (1, iB)[2 + 2milp y) + ). (4.1.15)
N

We regard t* as a subspace of u* by the metric dual of £ C u.
Definition 4.1.2. We say that (IV, u) is nondegenerate (with respect to w®) if
u(N)NE =0. (4.1.16)
Equivalently, there exists ¢ > 0 such that

(1, iB)[* > c. (4.1.17)

By [12, Eq. (1.27)], if (N, ) is nondegenerate, there exists Cy > 0, Cy > 0 such that,
if y € uc,

| exp(—t|8]*) R(y)| < Co exp(—te + Ci[Im(y)]). (4.1.18)
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If there is no confusion, we also say that the function Ris nondegenerate with respect
to w.

Definition 4.1.3. The Berezin integral fB : A'(T*X)@A'(ﬁ) — A*(T*X) is a linear
map such that, if &« € A*(T*X), o' € A'(Z{*?(L

B
/ao/ =0, if dega’ < m;
. (4.1.19)
B

_1\ym(m+1)/2
Tm/2

More generally, let o(p) be the orientation line of p, which can be identified with o(p).
Then fB defines a map from A’(T*X)@A'(ﬁ) into A*(T*X)®o(p).

Let 1 be the endomorphism of A®(T*X) ®g C which maps a € A*(T*X) ®g C into
(2mi)~*/2a. Set

L=>Y ¢ ne. (4.1.20)

Definition 4.1.4. For ¢ > 0, set

B
= ~(emiyy [ VI exp(-a (A RO),

(4.1.21)
7 L
er = (2mi)" 2 [ L2 exp(-a(42) R(0).
Then d;, e; are smooth real forms on X.

Note that the action of G on X lifts to g,, Ug, and Sg,. Then the sections wP, 3, 8
are G-invariant. Therefore, e;, d; are G-invariant forms, so that they are determined by
their values at the point pl € X.

Let ¥ be the canonical element of norm 1 in A™(p*) ® o(p) (respectively, a section of
norm 1 of A" (T*X)® o(TX)). For o € A*(p*) ® o(p) (respectively A*(T*X) ® o(T X)),
for 0 <1 < m, let ol be the component of o of degree I. We define [a]™** € R by

o™ = [a]mex P, (4.1.22)

Then [d:]™2*, [es]™® are constant on X. By [12, Theorem 2.10],

(1+ 2t%)[et}max = [dy]™>. (4.1.23)
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Also if (N, p) is nondegenerate, there exists ¢ > 0 such that, on X, as t — +oo,
di = O(e™), e, = O(e™ ). (4.1.24)

Definition 4.1.5. If (V, 1) is nondegenerate, set
+o0 J
t
W =— / dt?. (4.1.25)
0

Then W is a G-invariant smooth form on X with values in o(T'X), so that [W]™?* is a

real constant.

As explained in Introduction, in [12], the authors showed that W appears naturally as
the leading term in the asymptotic analytic torsions of M. The quantity Vol(M)[W]max
is called a W-invariant, we refer to [43,42], [12, Section 8], [34, Subsections 7.3 & 7.4] for
more concrete computations on them. Here, we use abusively this name for the form W.

The purpose of the rest of this paper is to develop an analog of [12, Section 8] in the
context of the equivariant analytic torsions. If (E, p¥) € Irr(U?) is not irreducible when
restricting to U, then by Proposition 3.3.2,

To (g™ VI hE)y =0 (4.1.26)

Then the only non-trivial case is that (FE, p¥) is also a U-irreducible representation, then
it will correspond to a o-fixed dominant weight A of U. In the next subsections, we will
construct a sequence of flat vector bundles F,, d € N associated with this A and p¥. In
Subsection 4.6, we will show that the leading term of asymptotic T, (g7™, Ve / pFa) as
d — +o0 is described in terms of W-invariants of “ M, the fixed point set of ¢ in M.

4.2. A sequence of unitary representations of U°

Let u™8 be the set of regular elements in u. Recall that ug = [u,u] is semisimple
and that Uy is the associated analytic subgroup of U. By [24, Lemma (3.15.4)], [u, u](o)
contains regular elements in [u, u]. Then there exists v € u(o) Nu*®e. If ty = u(v), then ty
is a Cartan subalgebra of u. Let Ty C U be the corresponding maximal torus. Let Ry be
the associated (real) root system, and let Wy be the associated Weyl group. Let ¢ C tyy
be the Weyl chamber containing v, and let R$(c) denote the corresponding positive root
system (i.e. the root @ € Ry such that a(v) > 0). Let P (c) be the set of the dominant
weights on u with respect to ¢. Then o acts on ty and on its dual, which preserves R;}(c)
and P (c).

If (E, pP) € Trr(U?) is irreducible as U-representation with highest weight A € Py (),
then o fixes A, i.e., A € a*. Actually, the converse also holds true, i.e., if A € Py (c) is fixed
by o-action, then the corresponding irreducible (complex) U-representation (Ey,p®*)
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extends to a representation of U?. As explained in Remark 2.3.1, such extension is not
unique, they are different by twisting with elements in Irr(37).

From now on, we fix a A € P (c) such that oA = A, then we construct a sequence
of irreducible representations (Egq, pF¢), d € N of U such that each (Ey, pP?) is an
irreducible U-representation with highest weight dA. In general, such sequence is not
unique. Here, we use the flag manifold N, to get a canonical construction in the sense
that it is determined uniquely by (E1, p¥1) € Irr(U?).

More precisely, set

UAN) ={ueU’ |Ad(u)A =X}, UN) =U(A)NU. (4.2.1)
Then
U(A) =U(\) xX°. (4.2.2)

By [52, Lemma 6.2.2], U()) is a connected. Moreover, Ty C U()).

Note that Ty is also a maximal torus of U()). Let Ry () be the associated (real) root
system of U(A), then Ry(y) = {a € Ry | (o, \) = 0}. Let ¢; denote the Weyl chamber
containing v for (u(\)¢, ty). Then R;(A)(cl) =R ()N Ry (») is the corresponding pos-
itive root system of Ry (y). Note that X is also a dominant weight for (U(X),Ty) with
respect to R;(A)(cl).

If a € R?}(c)\RJ&(/\)(cl) and 3 € Ry, then (a,A) > 0 so that o + 3 €
R (\R(y)(c1)- Set

by = > U, (4.2.3)
aeRﬁ(c)\Rg(A)(cl)
then
[U(A), bJr] C b+, [b+, b+] C b+. (424)
Moreover, o preserves b .
Set
Ny =U/UX) =U° /U (N). (4.2.5)

Then by [52, Lemma 6.2.13], N, has a complex structure such that the holomorphic
tangent bundle T'V) is

TN)\ =U XU(A) h+ =U°’ XU (A) b+. (426)

Moreover, U? acts holomorphically on Ny. Put n) = dimc¢ Ny.
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Lemma 4.2.1. Let (V)‘,pvx) € Irr(U(X)) be the one with highest weight \. Then
dimec V* =1, and for u € U()),

P (o (w) = p" (w). (4.2.7)

Therefore, after tensoring (V’\pVA) with any element in Irr(X7), we extend it as a

representation of U7 (X).

Proof. Note that if « € R

U()\)(cl), then (a, A) = 0. Set

1
Py =5 D, (4.2.8)

aER[J;o\)(cl)
By the dimension formula [16, Chapter VI, Theorem (1.7)], we have

[ (ertra)

dime V* =
<av pu(A)>

=1. (4.2.9)

aERﬁO\)(Q)

Since o fixes A, we get (V*,pV") ~ (V*,pV" 0 o) € Irr(U(X)). Then (4.2.7) follows,
so that it extends to U?(A). This completes the proof of our lemma. 0O

We fix an extension (V*, V") € Irr(U?())) as in Lemma 4.2.1. Put
Ly =U" xpo( V. (4.2.10)

By [52, Proposition 6.3.3], Ly is a holomorphic line bundle on Ny on which U7 acts
holomorphically. If d € N5, put

E; = HOO(Ny, LY). (4.2.11)

Then each (Eg4, p¥4) is a unitary representation of U, which is also an irreducible rep-
resentation of U with highest weight d\ € Py (¢).

Remark 4.2.2. Let (E,p¥) € Irr(U°) be irreducible as U-representation with highest
weight A € P, (c). Let E°+ C E be the vector space

E' ={w € E : if f € by, then p?(f)w = 0}. (4.2.12)

Then E°+ is preserved by U?(\), which is exactly the irreducible representation of U(\)
with highest weight A\. Then by the dimension formula (4.2.9), we get dim¢ E*+ = 1, so
that it is just the highest weight line (A-eigenspace) of (E, p¥). In (4.2.10), if we take
VA = E%+ to define Ly, then by [52, Theorem 6.3.7], we have (Ey,p") = (E, p¥) as
U°?-representation.
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Let xq be the character of (E4, pP4) on U°. In the sequel, we study the asymptotics
of xa(ugoe¥/?) as d — +oo for ug € U, y € uq(uo).

Set U(o) = U,(1) and u(o) = uy(1). Put a = tyNu(o). Then a is a Cartan subalgebra
of u(c). Let A C U(c)? be the corresponding maximal torus. If ug € U, then by [49,
Proposition 1.4], there exists u € U, to € A such that

ug = utoo(uh). (4.2.13)

Put Z = Us(ug), the o-twisted centralizer of ug in U. Let 3 C u be its Lie algebra. By
(4.2.13), we get

Z = uU,(to)u™", Z° =uU2(to)u". (4.2.14)

Then Ad(u)(A) is a maximal torus of Z°.
Let Ny(Ty) be the normalizer of Ty in U. Put

Ny(Ty)(o) ={g € Ny(Ty) | Ad(g)ls, commutes with o, }. (4.2.15)
Let Ny (A) be the normalizer of A in U, then
Ny(Ty)(e) = Ny(A). (4.2.16)
If g € Ny(A), then
Ad(g)) € a”. (4.2.17)
Let “09 Ny be the fixed point set of ugo in Ny, which is a complex submanifold (it
may have several connected components). If v’ € U, it depends to a point [u']y € Nj.
Recall that v € cNu™e Nu(o).
Lemma 4.2.3. We have
wI Ny = ZoUNy (A)U(N)/U(N) C Na. (4.2.18)
Let J(ug) denote the index set for connected components of “°° Ny, then J (ug) is a finite
set.
If u' € uNy(A), and if we take the Weyl chamber of (3, Ad(u)a) containing Ad(u')v,
then Ad(u')X\ is a dominant weight for Z°. Then the connected component of [u']y is
isomorphic to the flag manifold Z°/Z°(Ad(u')N) as complex manifolds. Under this iden-

tification, H(9(Z°/Z°(Ad(u')\), Ly) is the irreducible representation of Z° with highest
weight Ad(u")A.
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Proof. Let O, C u* denote the orbit of A\ by the adjoint action of U. Then Ny ~ O,.
Then the fixed point set of ugo is just Oy N3*. Let 1\ be the canonical symplectic form
on Oy C u* [5, Sections 7.5, 8.2]. Then

c1(Lx, g™) = . (4.2.19)

The corresponding moment map p : Ny — u* associated with the U-action is just the
embedding i : Oy C u*.

If X is regular, then (4.2.18) follows exactly from [21, I.2: Lemme (7)] and [14, Lemme
6.1.1]. In general, (4.2.18) is a consequence of [14, Lemma 7.2.2]. This proves the first
part of our lemma.

Fix v’ € uNy(A) and 2 = [u']5 € “07 Ny. The stabilizer of 2 under the action of Z° is
Z°(Ad(u/))\). Then we can identify the connected component of [u/]y in “°? Ny with the
quotient Z°/Z°(Ad(uv/)\) as Z°-manifolds.

Let Ny (c) be the normalizer of ¢ in U. Put

t = (u)tugo(v') € Ny(A). (4.2.20)

A direct computation shows that ¢t € Ny (¢) N U(A). Then the action of ugo on T, Ny is
identified with the adjoint action of to on b, so that

T,"“° Ny = b, (to). (4.2.21)

Note that Ad(u)b (o) C 3. By taking the Weyl chambers containing Ad(u')v for 3
and 3(Ad(u')(\)) with respect to Ad(u')a, similar to (4.2.3)~(4.2.6), we get a complex
structure on Z°/Z°(Ad(u’)\) such that the holomorphic tangent bundle is given by
Ad(uw)by(to), which is exactly the same one inherited from the complex structure of
N.

Since A € Py (c), Ad(v/)\ is a dominant weight for Z° with respect to the above
Weyl chamber. Using the identification Ny ~ O,, we get that L) restricting to the
connected component Z°/Z°(Ad(uw/)\) is just the canonical line bundle associated with
the dominant weight Ad(u’)A. The last assertion follows from the Borel-Weil theorem.
This completes our proof. O

If j € J(ug), let “UUNg; denote the corresponding connected component of 97 Ny.
Let p : Ny — u* be the moment map associated with the action of U on Ly — N,.
As explained in the proof of Lemma 4.2.3, the restriction of p to each UOUNi is just the
moment map associated with the action of ZO on Ly — “0"N§;.

Definition 4.2.4. If y € 3, j € J(uo), set

Ripa0) = [ o (2nia) + erlLaluonsy g 1075). (4.2.22)

uooN/J\'
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Note that wa 1 () is a function of the same type as the one given in (4.1.14). We can
verify that Rim 5\ is a Z"-invariant function on 3. Also RZLO’ 1(y) can be computed by the
localization formulas in [22,23], [5, Chapter 7]. Let A% be the standard Laplacian on 3,
then by [12, Eq. (8.146)], we have

ASR! = —4m®|A]*R! (4.2.23)

ug, A T U, "

Let q be the orthogonal subspace of 3 in u with respect to B. If v’ € ZOUNU(A)7
let 3(Ad(u')A) be Lie algebra of ZO(Ad(u’))\), and let éL(Ad(u’)/\) be the orthogonal of
3(Ad(w/)A) in 3. Put

q(Ad(u")A) = g Nu(Ad(u")N). (4.2.24)

Let g (Ad(u)\) be the orthogonal of q(Ad(vw’))) in g. Then
u(Ad(u")A) = 3(Ad(u')A) & q(Ad(u)N). (4.2.25)
By Lemma 4.2.3, the (real) vector space g (Ad(u’)A) can be identified with the holo-

morphic normal vector space of “0? Ny at [u']x, so that it inherits a complex structure
Juw and ugo acts on it as a complex linear map. Set

1
~dete (1 — Ad(uoo) ™) (g (Ad()N) i)

Pug (1) (4.2.26)

Lemma 4.2.5. If z = [u/]x € "Ny with v’ € Z°uNy(A), then the map x — ©y,(u')
defines a locally constant function ¢,,(x) on "2 Ny. In particular, for j € J(ug), let
cp{m € C denote the value of @y, on the component “0°Ny.

Proof. By (4.2.18), (4.2.26), y, (z) is well-defined on “0?Ny. If h € Z°, then

g+ (Ad(hu')A) = Ad(h)q™ (Ad(u)N). (4.2.27)

Since h acts on Ny holomorphically and commutes with wgo, then @, (x) is a AR
invariant function on “°? N,. This completes the proof of our lemma. O

Put
n(ugo) = max{dimc “ N} | j € J(uo)}. (4.2.28)
We call n(ugo) the (maximal) dimension of “°? Ny. Let J (uo)™** be the subset of J (uo)

of the index j with dim¢ “OGNi = n(upo), i.e. the index set for the connected component

of “07 Ny of the maximal dimension.
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Proposition 4.2.6. For j € J(uo), if u; € U is such that x; € [uj]x € UOUNf;, then
u;luoo(uj) ceUN), andry,; = ¥’ (u;luoo(uj)) € St only depends on j € J(ug). The
action of ugo on fibre Ly 4, is given by the multiplication of the number ry, ;.

Ify €, asd — +oo, then

Xalugoe?/ ) = d"o0) N7 vl ol BRI (y) £ 0@ 0T, (4.2.29)
JET (ug)™ax

Proof. The first part of our proposition follows from the definition of Ny, Ly and (4.2.18).
We will use a fixed point formula of Berline and Vergne [4, Theorem 3.23] to get (4.2.29).
If B is a complex (g, q) matrix. Let Td(B) denote the Todd function of B [12, Subsection
3.4]. Set

e(B) = det B. (4.2.30)

Let VT™ be the Chern connection on TNy, and let RN be its curvature. If y € u,
let ™ be the associated real vector field on Ny let LT be the natural action of y on
the smooth sections of TNy. Let v7™*(y) be the map given by

2mivTNV (y) = vfﬁ* — LM (4.2.31)

If x € “WINy, let €91, ... €% (<6, <27 be the distinct eigenvalues of ugo acting
on T, N,. Since ugo is parallel, these eigenvalues are locally constant on “°?N,. Then
T Ny|uoo v, splits holomorphically as an orthogonal sum of the subbundles TN fj. The
Chern connection VI MA“07ny als0 splits as the sum of the Chern connection on Tij .
Let R% denote the corresponding curvature.

Ify €3, let pTNAlm07 Ny (1) be the restriction of TN (y) to “0? Ny, which is given by the
same formula as in (4.2.31) with respect to the action of Z° on T'Ny|usex, . The action

of vTNAlwo Ny (y) preserves the splitting of T'Nj|uooy, . The equivariant Todd genus is
given by
TAU7 (TN oo, g7 0732
RO 0 Td RY% 9 (4.2.32)
= Td(—— +vT™ ) (= =— + ™™ i60;).
(=5 2" [T () (= 55+ () +i6))

0,70

We will denote by Td,°? (T'Ny|u=n,) its equivariant cohomology class. We refer to [4],
[5, Chapter 7] for more details.

Let 7, € S denote the action of ugo on Ly|uoe n,, which is equal to Tug,j ON “OUNi.
The equivariant Chern character form of L§|u0u N, is given by

0" (Lo vy, gP41078) = v exp (2mid(n, ) + dex (Lafuoe g7 075)) . (4.233)
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By [4, Theorem 3.23], if y is in a small neighborhood of 3, we have

xa(uooe) = / Td;y*? (T Na|woe N, )7,
i, (4.2.34)

exp (2mid(u, y) + dey (L)\|UOJNM9LA\“0”NA ).

For y € 3, when taking the asymptotics of Xd(uoaey/d) as d — +0oo, only the maximal
dimensional components of “97 Ny contribute to the leading term. For the leading term,

Td;%(T N |uoo v, ) only contributes the degree 0 component of Tdy°? (T'N |0 v, ), which

is just ¢y, defined in Lemma 4.2.5. If j € J (ug)™>, the integration of exp (2mi(u, y) +
dcl(L)\\uoaNA,gL*‘“O"Nx)) on “07 N7 is just d"("o”)Rio’A(y). Then we get (4.2.29). This
completes the proof of our proposition. 0O

4.3. The nondegeneracy condition on A
Recall that Ny is identified with the coadjoint orbit Oy in u*. Dual to (2.1.2),
u = /Clp* @ e (4.3.1)

Then the nondegeneracy condition defined in Definition 4.1.2 is equivalent to that each
vector v € Oy has a nonzero component in /—1p*.

Take k € K, then ko is an elliptic element in G?. We can also consider it as an element
in U°. Recall that U, (k) denotes the identity component of o-twisted centralizer of k
in U. Then it is the compact form of Z,(k)°. By the discussion in Subsection 2.4, Z, (k)°
is still a linear reductive group with the Cartan involution induced by @, and K, (k)" is
the corresponding maximal compact subgroup of Z,(k)". Recall that

X (ko) = Z,(k)° /K, (k)°. (4.3.2)

Let wde(®) =t (k) 4 yPo (k) he the canonical 1-form on Z,(k)° as in (2.1.5).

By Lemma 4.2.3, we have
kUN)\ = Ujej(k)kUN)J;. (433)

If j € J(k), the function Ri’)\ is defined in (4.2.22). Then proceeding as in Subsection 4.1,
by using instead (Z,(k)°, K,(k)°) and wP*(*) associated with Ri)\, we get the invariant
differential forms ei]t, dy 4, t >0 on X (ko).

If the function R# , satisfies the nondegeneracy condition with respect to wPe(*) then
there exists ¢; > 0 such that, as t — 400,

el, = O™, dl,=0("). (4.3.4)
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Put
Tt
Wi =— / di’t7. (4.3.5)
0

We say that W,gg is the W-invariant associated with ko and Ri v

Proposition 4.3.1. Take k € K. If (N, ) defined in Subsection 4.2 is nondegenerate
with respect to w®, then for j € J(k), (’“’Nf\,u\,wNi) is nondegenerate with respect to
who (k)

Proof. As in the proof of Lemma 4.2.3, we have
RNy ~ Oy Nug(k)*. (4.3.6)
The splitting (4.3.1) induces a splitting of u, (k)*,
Uy (k)" =V —1p, (k)" @ €, (k)" (4.3.7)

By Definition 4.1.2, if (N, s1) is nondegenerate, then zu(Ny)Ne* = 0, so that (57 NJ)N
£, (k)* = 0, which says that (*7 N7y, ,u|,wM§) is nondegenerate with respect to wPe(*). This
completes the proof of our proposition. 0O

In the sequel, we always assume that (N, p) is nondegenerate with respect to w® (or
for short, A is nondegenerate). For a general elliptic element yo with v € G, we can not
always regard it as an element of U°. But there exists g € G such that k = gyo(g7!) € K.
Then we construct the corresponding triplets (rg ;, <pi, Rf;’ \)jeg k) and the associated
invariant forms ef;t, d{m, W,go, je J(k)on X (ko).

If we take another ¢’ € G such that k' = ¢'yo(¢'"!) € K, then Z,(k) and Z, (k') can
be identified by the conjugation of h = g’g~! € G. But we still use the Cartan involution
on Z, (k') induced from 6 to define the associated forms ei,’t, di:,’t, Wi, jeJ() on
X(Ko).

Lemma 4.3.2. Lety € G, k, k' € K be as above. Then we have n(ko) = n(k'c). Moreover,
there is an identification between J (k) and J (k') such that if j € J (k) = T (K'), we have

Thy =Tk s P = @l (Wi = [W], ™o, (4.3.8)

Proof. By the Cartan decomposition of G, there exist unique f € p, kg € K such that
h = koel. Since hko(h™1) = k', we get koko(ky ') = k’. Moreover,

kOZo(k)ko_l = Zo(k/)v kOUU(k)ko_l = Ua(k/)' (439)
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The fixed point sets of ko and k’c in N, are identified via the action of kq. This
way, we identify J(k) with J(k"). On the fixed point sets, the actions of ko on the
bundles T'N,, L, are identified with the corresponding actions of k’'c. Therefore, the

data (74 5, apf;,, R}, \)jeg() can be identified with (74, cpi, Ri \)jeg (k) Via the action

of kg. In particular, n(ko) = n(k'c) and r; = i 5, Lpi = @i,. The last identity of
(4.3.8) follows from (4.3.9) and the fact that the Cartan involutions on Z,(k), Z, (k')
that we use to define the W-invariants are identified by the conjugation of kg. O

4.4. Asymptotics of the elliptic twisted orbital integrals

Let (E4,p"4), d € N be the sequence of irreducible unitary representations of U?
constructed in Subsection 4.2 with the nondegenerate o-fixed A € Py (c). We extend
it to a sequence of representations of G?. Then we get a family of flat homogeneous
vector bundles Fy = G xx E4, d € N on X. Recall that DX:¥42 is the Hodge Laplacian
associated with Fjy.

In this subsection, we consider the case v = k~! € K. Then

us () = V=1ps(7) ® - (7). (4.4.1)

As explained in the beginning of Subsection 4.2, there exists v’ € €,(y) N €8, If
t = £(v'), then t is a Cartan subalgebra of €. Let T be the corresponding maximal torus
of K. Put

s=tNE, (7). (4.4.2)

Then s is a Cartan subalgebra of €,(vy). Recall that b, (y) C p is defined in (3.3.4), then
b, (7) @s is a Cartan subalgebra of 3, (y). By Theorem 3.3.3, Corollary 3.3.4, the twisted
orbital integral in (3.3.9) associated with this yo vanishes except the case dim b, () = 1.
In the sequel, we also assume that dimb,(y) = 1, then dimp,(y) is odd and
§(Z,()?) = 1. This assumption also implies that §(G) > 1, which is a necessary condi-
tion for the existence of the nondegenerate (Ny, u) discussed in Subsections 4.2 and 4.3.
‘ Recall that for the triplets (7, ;, goZ/, Ri, x)jeg(y) and the associated invariant forms
e &, Wi,, je J(y) on X(yo) are constructed in Subsection 4.2, 4.3. The main

Yt
results of this subsection are as follows.
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Theorem 4.4.1. Suppose that dim b, (vy) = 1. Fort > 0, as d — 400,

d—n('yo)—lTrs['ya] [(NA'(T X) 5 ) exp( DX,Fd,Z/QdZ)]

=2 Z —yggp'y[ »‘yt/Q]maX—*—O(d_l),

JET (y)max

(4.4.3)
o DX Fa,2
d—n0e) =1y el [(NA (rx) _ %)(1 _ T)exp(_tDX,Fd,2/2d2):|
max —1
=2 Y A+ O0d ).
JET (ry)max
There exists C' > 0 such that for d > 1, we have
;i d
‘dn('ya)l/Tr [vo ][(NA.(T X) _ 5 ) exp( tDX,Fd,2/2d2)]?t
! ) (4.4.4)
_ 2 max dt < g
39 >f |~ d
JGJ(W)”‘*“‘ 1
There exists C' > 0 such that for d € N5g, 0 <t <1,
’d—n('yo)—lTrS['yo] [(NA'(T*X) N %) eXp(—tDX’Fd72/2d2)] < C/\/Z
’d—n(’YU)—lTrs['Y‘T] [(NA‘(T*X) _ ﬂ)(l — DX a2 /g2) (4.4.5)
exp(—tDF2 /24%)]| < OVt
There exists ¢ > 0, ¢ > 0 such that for t > 1, d large enough, we have
d—n(’YU)—lTrs[’YU] [(NA°(T X) _ 5 ) exp(— DX’Fd’Q/de)] < Ce_c/t. (4.4.6)

Proof. Note that (4.4.3) is an extension of [12, Theorem 8.14].
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Recall that p = dimg p, (), ¢ = dimg &, (7). By (3.3.9), for d € N+, we get

Tr Dol (NATTTX) %) exp(—tDXFu:2 /2d2)}

dP

¢ ¢
= e P g

1642

N 4+ T [ L (Viy/a)

. (7) (4.4.7)
I MO )N D (o) expl(—ip 0T (Viy/d))]
‘2

TP o) expl(—ipt (Viy/d) + 5oy O8] expl(— -

dy
Ve

In this proof, we denote by C' or ¢ a positive constant independent of the variables d,
t and y € £,(y). We use the symbol Oj,q to denote the big-O convention which does not

depend on d, t and y. Set (y) = /1 + |y|%.

By (2.5.15), for d > 1,¢t > 0 and y € £,(), we have

1 \/Z|y|60%

heVi/D = G RGN T O !

(4.4.8)

Let b (7) C p,(7) be the space orthogonal to the one-dimensional line b, () in p, (7).
If y € 5, by [12, Eq. (8.133)], we have

Te AT [(NAT7) 2)pA'“”(k Lo) exp(—ip™" *") (Viy/d))]

— — det(1 — exp(—iad(Viy/d)lys (1.49)
~det(1 — Ad(k~ o) exp(—iad(\/g|y|/d)))|p§(,y).

By (44.9)ify €s,d>1andif t > 0, we get

dpil o x o * m s _ . o/, x
o T OV = )N OO (o) exp(—ip ) (Vi /d))

\/_| . (4.4.10)
Y eC y)

= —det(7ad(y))|pL (1) det(1 — Ad(k‘_lo))|p () + Otnd(——

Let Q3" € A2 (Po(7)*) @E,(7) be a copy of 23V, Let L and the Berezin integral be
the ones as in (4.1.10) and (4.1.19) associated with p, (7). Note that dimp,(y) is odd,
then by (4.1.19), we have

max

B
77P/2 det(iad(y) |bL(,y)——[/LeXp (y, @) L eIy | (4.4.11)
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Combining (4.4.10) and (4.4.11), we get that if y €5, d > 1 and if ¢ > 0,
d ® /. * o/, * ® /., % ® /., x
TP N (V) = B0 ) explip ) (Vi)

max

B
|:/L6Xp Y, Qéa(v) _|_Q?)a(’Y)>) det(l —Ad(kilo')”p#(,y) (4412)

+ Oind(

\/gy|6C%).

Using the adjoint invariance, the equation (4.4.12) extends to y € £, (7).
Note that since (N, i) is nondegenerate, then there exists a small constant € €]0, %I]
such that on Ny, for y € &,(7)

(s )| < (A = @)yl (4.4.13)

Then by (4.2.22), we have
IR \(—iviy)| < Ce2mYHIN=alul, (4.4.14)
By (4.2.34) and (4.4.13), we get that for d > 1, ¢ > 0 and y € &,(),
d=ODTEpPa (7o) exp(—ipP (Viy/d))]

‘ \f+ . . vi 4.4.15
= Y R (Civiy) + O (D v -oiefiy - (4419)
GET (yymex

Combining (4.4.8), (4.4.12), (4.4.14) and (4.4.15), we get that for d > 1, t > 0 and
Yy € £ (7),

qp—1-n(vo) \/fy A% (p* . m o . IS
") At(p™) _ I AT () (1) i P (Viy/d)
7=z e (7 )Trg [(N 5 )p (k" o)e ]

e o4 (ko) exp(—ip™ (Viy/d))]

max

B
- rdoeh | [ Lepltnar @ 1 @] R (ivin)
JEJ('Y)"‘“"

+Oind((\[+ D) 2nviai-eut+o Flaly,

(4.4.16)

Let py, be the half of the sum of the positive roots in R (c). By [6, Proposition 7.5.2]
and (3.1.8), we have

t toowE _ _27r2t|d)\ + pul?

Tt + 22 e

——TrP[C%] +

(4.4.17)

48d2 16d2
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Using exactly the arguments as in [12, Eqs. (8.143)—(8.154)], we get that for each
ASRVAC)

e—2m A B () L Bael) max
3o (Y o (Y J _;
g || [ Eestn o o R vy
£ () (4.4.18)
dy j max
oxp(=1yI*/2) i = 2e o™

By (4.4.7), (4.4.16), (4.4.18), we get

d—n('ya)—lTrs['Y‘T] [(NA' (T"X) _ %) exp(—tDX’Fd’2/2d2)}

27t + pu? (4.4.19)

= 2exp( 7

+ 2tm?|\?) Z rd ol e 1/l + R(¢,d).
je](,y)max

Here R(t,d) is an error term such that

2
VE+ 1 et lddtoul’

[R(t,d)| < C 7 y

/ () 2TVEN =IO w220, (4.4.90)

€ (7)

Set co = 27%(|A]> — (]A| — €)?) > 0. Then for d > 1, ¢ > 0,

t

By (4.4.19), (4.4.21), we get the first identity in (4.4.3). By (4.1.23), we get the second
identity in (4.4.3). Then using (4.4.19), (4.4.21) for 0 < ¢ < 1 and by (4.1.21), we get the
first estimate of (4.4.5). Note that there exists dy € N large enough such that if d > dy,
then

|R(t,d)| < C (4.4.21)

< ¢ (4.4.22)

Ul o
W =

Recall that ei t)2 has the exponential decay of as t — +oo described in (4.1.24). Together
with (4.4.19), (4.4.21) and (4.4.22), we get (4.4.6). Note that for d > 1

d
/
R(t,d dt < “ 4.4.23
t —d

1

Then (4.4.4) follows from (4.4.19) and (4.4.23).
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We now prove the second estimate in (4.4.3). If y € €,(7), set

F(y) = Jyo(y) det(1 — Ad(k™" o) exp(—iad(y)))]pz ()

4.4.24
AT pPa (71 0) exp(—ipPa (y)))]. | )

Then f(y) is an analytic function on &,(v). If y € 5, by (4.4.9), (4.4.24),

p—n(yo)—1 . . m o
dT vo \Zy) MDA - g)Ad(k_la) exp(—iph"® )(%))]
TP [pPe (k™ o) exp(—ip® (Viy/d))]

\/y);lp—z)/z det(1 — exp(—iad(vVty/d)))|ps (4)-

(4.4.25)

= \/f(

Let V f(y) be the gradient of f on ¢, () with respect to the Euclidean scalar product
of ¢, (7). Put

p—1
I(t’ yvd) 8t (f(iy)t(f 1)/2 det(l - exp(_zad(\/gy/d))”bé(v))
<Vf(fy), \g;ly>t(p 1773 det(1 — exp(—iad(Vty/d))) o () (4.4.26)
+£( \/(;y) o (t(;l’%/ det(1 — exp(—iad(\/%y/d)))b#(v))

Since Ty’ () [ad(y)] = 0, then there exists ¢ > 0, C’ > 0 such that for d € Ny,
0<t<1l,and y € s,

o [ drt ) , ,
En (W det(1 — exp(—zad(\/l_fy/d))ﬂbé(y)) < C'exp(cyl). (4.4.27)

Also since dim bX(7) is even, when taking the Taylor expansion of the function as
follows

\f Viy, dr!

<Vf( )7 2% >t(1’*1)/2 det(1 — eXp(—iad(\/Zy/d)))lb#(w), (4.4.28)

the terms of even power of y have no negative powers of the parameter ¢ in their co-
efficient. Using the conjugation invariance of the left-hand side of (4.4.25), the above
consideration holds for y € €, (7).

By (4.4.26), (4.4.27), there exist C' > 0 such that for d € N5, 0 < ¢ <1,

’ / I(t,y,d)exp(—|y|?/2)dy| < C. (4.4.29)
)
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Using the fact that the two quantities in (4.4.5) are related by the operator 1+ 2t%,
and by (4.4.25), (4.4.29), we get the second estimate in (4.4.5). This completes the proof
of our theorem. 0O

4.5. A lower bound for the Hodge Laplacian on X

We use the notation as in Subsection 3.1. Recall that ey, ---, e, is an orthogonal
basis of TX or p. Set

CoH =3¢} e Ug. (4.5.1)
=1

Let C%H.F be its action on E. Then
c%F = coHE 4 obE, (4.5.2)
Let AH:X be the Bochner-Laplace operator on bundle A" (T*X) ® F. Put

X
= ST — é(RTX(ei,ej)ek,eg>c(ei)c(ej)5(ek)5(eg)
(4.5.3)

CE 1 L (eler)eley) — alele)) R (envey).

O(E)

Then O(E) is a self-adjoint section of End(A (7% X)®F'), which is parallel with respect
to VA (T"X)@Fu By [12, Eq. (8.39)], we have

DXF2 = _AHX L 9(E). (4.5.4)
Let (-,-)r, be the Ls scalar product of (X, F). If s € Q.(X, F), we have
(DX F25 5V > (O(E)s, s),. (4.5.5)
Let A% denote the Bochner-Laplace operator acting on Q' (X,F), and let
pi(z,2') be the kernel of exp(tAHX1/2) on X with respect to daz’. We denote by
P (g) € End(A'(p*) @ E) its lift to G explained in Subsection 2.3.
Let A¥ be the scalar Laplacian on X with the heat kernel pi. Let |[p(g)]] be the
operator norm of p*(g) in End(A’(p*) @ E). By [43, Proposition 3.1, if g € G, then
H,i X,0
e (@Il < pi " (9)- (4.5.6)

Let pf be the kernel of exp(tAHX /2), then

pi =t p. (4.5.7)
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Let qX’F be the heat kernel associated with D2 2, by (4.5.4), for z,2’ € X,
t
X, F A H /
5" (2,07) = exp(—tO(E)/2)p! (z,2'). (4.5.8)

Now we consider the representations (Egq, pP4), d € N constructed in Subsection 4.2
for a nondegenerate A. By [12, Theorem 4.4 & Remark 4.5], there exist ¢ > 0, C' > 0
such that, for d € N,

O(Eq) > cd* - C. (4.5.9)
By (4.5.4), (4.5.5), (4.5.9), we get
DX Fe2 > cg? - C. (4.5.10)
Lemma 4.5.1. There exists dy € N and ¢y > 0 such that if d > dg, x,2' € X
g7 (@, 2| < et 0w, a'). (4.5.11)
Proof. By (4.5.9), there exist dg € N, ¢/ > 0 such that if d > d,
O(Ey) > dd>. (4.5.12)
Then if ¢t > 0,
|| exp(—tO(Ey)/2)|| < e~ ¢/2, (4.5.13)
By (4.5.6)—(4.5.8), (4.5.13), we get (4.5.11). This completes our proof. O

Recall that T' is a cocompact torsion-free discrete subgroup of G preserved by o. For
t>0,ze X,vyel,set

L A @ x)eF,

R m
Ut(Fd,’yO',CE):§ s (NA ("X _

TGy @ ao(@)e | (45.14)
Then Lemma 4.5.1 implies the following lemma.

Lemma 4.5.2. There exist Cy > 0, cg > 0 such that if d is large enough, fort >0,z € X,
yer,

. —cnd? s
|v¢(Fy,yo,2)| < Co dim(Ey)e 4 tpfif(m,’yo(x)). (4.5.15)
Proposition 4.5.3. There exist constants C > 0, ¢ > 0 such that if x € X, t €]0, 1], then

Z p 0 (z,70(2)) < Cexp(—c/t). (4.5.16)

v€T,vo nonelliptic
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Proof. By [20, Theorem 3.3], there exists Cy > 0 such that when 0 <t <1,

d*(z,2")

p§(70(x7x/) < Cot—nL/Q exp(— m

). (4.5.17)

By Proposition 2.6.3, we have cr, > 0. Then using Lemma 2.6.4, (4.5.17), and the
arguments as in the proof of [43, Proposition 3.2], we get (4.5.16). O

4.6. A proof to Theorem 1.0.1

Now we work on M = I'\ X. The flat vector bundle Fy in previous subsection descends
to M, which we still denote by F;. The action of 37 lifts to Fj; so that the de Rham-Dirac
operator DM-Fa commutes with its action.

By (4.5.10), we have

DM-Fa2 > g% — O, (4.6.1)
Then if d is large enough, we have
H3p (M, Fy) = 0. (4.6.2)
By (3.2.5), (3.2.7), if d is large enough, we have
Xo(M, Fg) =0, x5(M,Fy)=0. (4.6.3)

Recall that the function b;(F,, h¥?) is defined in (3.2.6). Then by (3.2.9), (3.2.10),
(4.6.3), we have

—+00
To (g™ vl pFay = / by Fd,hFd : (4.6.4)
0

Recall that E, is the finite set of elliptic classes in [I'],. Set

Ey, ={llo € Es | 6(Z5(7)°) = 1}. (4.6.5)

o

Proposition 4.6.1. There exists ¢ > 0 such that for d large enough,

Tolg", 9 W) = =2 ST VoIl 0 Z,()\ X (50)
ocEL
(4.6.6)

d
P : Fg.2 | dt
. /T‘I,S['ya] |:(NA (T*"X) _ 5 )(1 _ ﬁDX Fa,2 ) 12 DX Fg,2 ? —|—O(€_Cd)-
0
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IfEl =0, as d — +oo,

To(g"™, Vel pla)y = O(e=e?). (4.6.7)
Proof. By (4.6.4), we have
“+o0 d
T (gTM gFaf pFay — Fay 4t Fy dt
olg" VIR nT) = — [ by(Fa, h )? — [ byyaz(Fa, b )?~ (4.6.8)

1/d 0

By (4.6.1) and using the same arguments as in [12, Subsection 7.2], we can get that
there exists ¢ > 0 such that

—+oo
/ bt(Fd,hFd)% — O(e=et). (4.6.9)
1/d
By (3.2.6), (4.5.14), we get
by (g hF1) = (142t 2 F, d
¢(Fa, ) =1+ E) th( 4,70, 2)dz. (4.6.10)
M yerl

We split the sum in (4.6.10) into two parts:

oo+ > (4.6.11)

€l ,yo elliptic €T ,yo nonelliptic

When writing down the integrals explicitly with the heat kernels, the integral of the first
part in (4.6.11) is just the sum of the twisted orbital integrals associated with the elliptic
classes in E,. If [y], € E, and if [y], ¢ EL, then by Theorem 3.3.3, Corollary 3.3.4, we
get that for ¢ > 0,

T, D[ (VAT %) exp(—tDX’Fd’2/4d2)] =0. (4.6.12)

This gives the first sum in the right-hand side of (4.6.6).
If x € X, put

he(Fg,hFe 2) = > vi(Fy, 70, T). (4.6.13)

v€TD',vo nonelliptic

Then it is enough to prove that

d
/(1 + Zt%)/ht/dz(Fd,hFd,z)dz% — O(eed), (4.6.14)
0 M
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Indeed, using Lemma 4.5.2 and Proposition 4.5.3, there exists C > 0, ¢ > 0, ¢/ > 0
such that if d is large enough, 0 < t < d, then

\hi a2 (Fa, hT, 2)| < C dim(Eg)e™ exp(—c"d? /1) (4.6.15)
Recall that ny = dim¢ Ny. By (4.2.34), there exists Cp > 0 such that
dim(E,) < Cod™. (4.6.16)

By (4.6.15), (4.6.16), we have

1 1
" // dt
|/ht/d2 Fy, hfe ) ‘ <Ce ¢ d*/2 dim(Ey) /e d2/2t = O(e),
0 0

. (4.6.17)

|/ht/d2(Fd7hF , L ‘ < Ce_(' ddlm Ed /e —('d).

1

By (4.6.15)-(4.6.17), we get (4.6.14). The equation (4.6.7) follows from (4.6.6). This
completes the proof of our proposition. 0O

By (2.6.10), “ M has different connected components, each component is also a com-
pact locally symmetric space associated with an elliptic class [y],. Then (4.6.6) says that
only the components with the fundamental rank 1 contribute to the leading terms of the
asymptotics of T, (g7™,VFa:f hFa) as d — +oo.

Now suppose that EX # (). We use the notation of Subsection 4.2. As explained in the
end of Subsection 4.3, for each [y], € EL, we fix g € G, k € K such that k L= g’ya(g b,
Then put J(vy) = J(k™1). For j € J (v ) let n(vyo), RvA’ Tyjs 0L, €4, & W, be the
ones associated with k~'. By Lemma 4.3.2, these quantities do not depend on the choice
of g or k. Set

m(c) = max{n(yo) | 1], € B3},

4.6.18
By ={[]s € E, | n(y0) = m(o)}. | )

Theorem 4.6.2. If EL # (), as d — +o0,

dfm(cr)flr]:f(gTM7 de,f’ hFd)

= Y VT NnZ,\X(e)[ D W, ]m“}+0(é). (4.6.19)

[’Y]U eEwé,max jej(,y)mmx
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Proof. For [y], € E}, v is C7-conjugate to k~!. Then
Trs[k—lg] [(NA-(T X) _ 5 ) exp( DX,Fd,2/2)}
m (4.6.20)
= Ty, [(NA (X)) _ 5 )exp(—tDX’Fd’2/2)].
If [y], € EL, by Theorem 4.4.1 and by (4.6.12), (4.6.20), as d — ~+o0,
1
[yol AS(T*Xx) M X,Fq,2 /o) 12 X, Fa2 40207 A
Tr, " (N - 5)(17tD Fa2 12d%) exp(—tD* 42 [4d?) | — -
0 4621
1
— 2dn('ya')+1 rd ]‘;07/ max_ + O(dn('ya )
JEJ('V max 0
Note that
;i d
o A (T*x) T b X, Fy2 b X, Fa2y @
/Trsh ][(N ( )*5)(1*Td2D d )exp( @ d )]?
1
d d
_ o A (T*X m U x.F, 2
— /Trsh I(NATTX 5) exp(— D7 )] - (4.6.22)
1
o 1
+ 2T Dol [(NAT @ X) Iy (- = DX 2)]
2 4d
oy el [( AT (T x) _ T 1 DX -Fa2
— 2alTg [( T )exp(—@ )]
Similarly, by (4.1.23), we have
;i d ’ d
j max 1 j max l j max j max
J1d G = [16 im0l g =20, (4.6.23)
1 1
Also we have
N
/ dfw47 = O(e™). (4.6.24)
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Combining (4.4.3)—(4.4.6) with (4.6.22)—(4.6.24), we get that as d = 400

d
. DX Fa2
d—n(*ya)—l /Trs['ya] [(NA (T*X) _ %)(1 _ tT)eXp(—tDX’FdQ/éldz)]%
! N (4.6.25)
o
. ; dt 1
d max
=2 ; T%J'QOZY [dgy,t/4] ? + O(E)
]ej ,-Y max 1

By (4.3.5), (4.6.6), (4.6.18), (4.6.21), (4.6.25), we get (4.6.19). This completes the proof
of our theorem. 0O

Combining Proposition 4.6.1 and Theorem 4.6.2, we get Theorem 1.0.1.

Corollary 4.6.3. If 0 € X is of finite order Ny and preserves I', then each number v ;
appeared in right-hand side of (4.6.19) is a No-th root of unity.

Proof. If v € T is such that o is elliptic, then (yo)™e € T is elliptic. Since I is torsion-
free, then

(yo)No =1. (4.6.26)

Let k=1 € K be an element that is C,-conjugate to 7. Then we also have (k~1o)No =
1. By Proposition 4.2.6, r,_ ; represents the unitary action of k~'c on the fiber Ly at its
fixed points, thus it must be a Nyp-th root of unity. O
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